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Abstract. The design of truthful auctions that approximate the optimal expected revenue is a central
problem in algorithmic mechanism design. 30 years after Myerson’s characterization of Bayesian optimal
auctions in single-parameter domains [9], characterizing but also providing efficient mechanisms for
multi-parameter domains still remains a very important unsolved problem. Our work improves upon
recent results in this area, introducing new techniques for tackling the problem, while also combining
and extending recently introduced tools.

In particular we give the first approximation algorithms for Bayesian auctions with multiple heteroge-
neous items when bidders have additive valuations, budget constraints and general matroid feasibility
constraints.

1 Introduction

Assume n bidders are competing for m items. Each bidder i has a private valuation v;; > 0 for
item j, drawn from a publicly known distribution. Assume further there is either an individual
matroid M; for each bidder ¢ such that each bidder can only receive an independent set of items
(the individual matroid case) or a global matroid M for all bidders (the global matroid case) such
that the set of all bidder-item pairs assigned should be an independent set. What is the optimal
revenue maximizing auction?

In his seminal paper [9] Myerson gave a complete characterization of the optimal auction for the
case m = 1 if the distributions of valuations are uncorrelated. Papadimititriou and Pierrakos [10]
recently showed that for n > 2 bidders with correlated distributions finding the optimal (dominant
strategy incentive compatible) deterministic auction is NP-hard, even if m = 1. Thus, one of the
main open questions in this area is to deal with multiple items, i.e., the case of m > 1, when the
bidders’ distributions are uncorrelated. This is the problem we study in this paper together with
matroid and budget constraints.

Truthfulness. For any mechanism there are various criteria for evaluation. One criterion is
which notion of truthfulness or incentive compatibility it fulfills. Every definition of truthfulness
involves some notion of profit or optimality for a bidder. In our setting we assume bidder 7 receives
a set .S; and has to pay p; for it. Then the profit of bidder is Zjesi v;j —pi- An optimal outcome for a
given bidder is an outcome that maximizes his profit. We distinguish three notions of truthfulness.
(1) A mechanism is dominant strategy incentive compatible (DSIC) if truth-telling is optimal for
the bidder even if he knows the valuations of the other bidders and the random choices made by the
mechanism!. (2) A mechanism is truthful in expectation if revealing the true value maximizes the
expected profit of every bidder, where the expectation is taken over the internal random coin flips
of the mechanism. (3) If a prior distribution of the bidders’ valuations is given, then a mechanism
is Bayesian incentive compatible (BIC) if revealing the true value maximizes the expected profit of
every bidder, where the expectation is over the internal random coin flips of the mechanism and
the valuations of the other bidders.

* This project has been funded by the Vienna Science and Technology Fund WWTF grant ICT10-002.
! This is independent of whether a distributions of the valuations are given or not.



Optimal or approximate. The revenue, of a mechanism is the sum of the payments collected
by the auctioneer ). p;. If a mechanism returns the maximum revenue out of all mechanisms
fulfilling a certain type of constraints (e.g. all BIC mechanisms), it is an optimal mechanism. If it
returns a fraction k of the revenue of the optimal mechanism, we call it a k-approzimation.

Value distributions. If a prior distribution on the bidders’ valuations is assumed then there
are also multiple cases to distinguish. In the correlated bidders setting the value distributions of
different bidders can be correlated. Except for [6] and [10], all prior work and also our work assumes
that the distributions of different bidders are uncorrelated. We further distinguish the case that for
each bidder the distributions of different items are uncorrelated (the independent items case), and
the case that the value distributions of the same bidder for different items to be correlated (the
correlated items case). There is strong evidence that it is not possible to design an optimal DSIC
mechanism for the correlated items case [1]: Even if there is just one unit-demand bidder, but his
valuations for the items are correlated, the problem of assigning the optimal item to the bidder can
be reduced to the problem of unlimited supply envy-free pricing with m bidders [8]. For the latter
problem the best known mechanism is a logarithmic approximation and there is strong evidence
that no better approximation is possible [2].

Running time model. A final criterion to evaluate a mechanism is whether it runs in time
polynomial in the input size. Of course this depends on how the input size is measured. We use the
model used in [1], where the running time has to be polynomial in n, m, and the support size of
the valuation distributions. All the results we list take polynomial time in this model.

Related work. Correlated bidders. Dobzinski, Fu, and Kleinberg [6] gave an optimal truthful-
in-expectation mechanism for m > 1 in the correlated bidders and items setting but without any
matroid or budget constraints.

Uncorrelated bidders. Chawla et al. [4] studied the case m > 1 with a universal matroid con-
straint and general valuation distributions, but with only wunit-demand bidders without budget
constraints. For a variety of special matroids, like uniform matroids and graphical matroids, they
gave constant factor approximations. Very recently, Chawla et al. [5] gave a constant factor approx-
imation for general matroid constraints with budgets, but again only with wunit-demand bidders.
Bhattacharya et al. [1] studied the case of individual uniform matroid constraints and budget con-
strained bidders. For the correlated items case they presented a BIC mechanism whose revenue is
within a factor 4 of the optimal BIC mechanism. Their mechanism is truthful only in expectation.
For the independent items case if the valuations additionally fulfill the monotone hazard rate as-
sumption (MHR) (see Section 4) they gave a DSIC mechanism that achieves a constant factor of
the revenue of the optimal BIC mechanism. For the independent items case where the valuations
do not fulfill MHR they gave a DSIC mechanism that achieves an O(log L) approximation of the
revenue of the optimal DSIC mechanism and they showed that no better posted-price (defined
below) mechanism exists. Here L is the maximum value that any bidder can have for any item. In
a very recent work Cai et al. [3] give almost optimal mechanisms for the case when either the items
or the bidders are i.i.d. and there exist budget and uniform matroid constraints.

Our results. We use the same model as Bhattacharya et al. [1], i.e., both matroid and (pub-
lic) budget constraints. We improve upon their work since they studied only individual matroid
constraints where the matroid is a uniform matroid. Specifically we show the following results. (1)
For the correlated items with individual matroid constraints case we present a BIC mechanism
whose revenue is within a factor 2 of the optimal BIC mechanism. In [1] a 4-approximation for uni-
form matroids was given. (2) For the independent items case we study general matroid constraints,



both in the global and the individual setting. Our mechanisms are DSIC sequential posted price
mechanisms 2. Our results are summarized in the following table:

Individual matroids Global matroid
General matroids O(log L) O(log L)
Uniform matroids (previous: O(log L) [1]) O(log L)
General matroids & MHR O(logm), O(k) O(logm), O(k)
Uniform matroids & MHR | 9, (previous: 24 [1]) 9
Graphical matroids & MHR 16 64 with budgets and 3 without

Fig. 1. Independent distributions case: A summary of our results and previous results from the work of Bhat-
tacharya et al. [1]. All approximation ratios are with respect to LP3 and LP3 achieves an 8¢® approximation of the
optimal mechanism.

Our results on global matroid constraints are a generalization of the work by Chawla et al. [4,
5]. They gave a constant approximation for global uniform matroids and global graphical matroids,
and very recently in [5] also for general matroids (in [5] however the authors do not provide a
polynomial-time algorithm), but only for the special case when the bidders are unit demand (which
is reducible to the single-parameter problem). We give constant approximations for bidders with
arbitrary demands (i.e. for the general multi-parameter problem) for the case of global uniform
and graphical matroids however with the assumption that the valuation distributions fulfill the
monotone hazard rate condition. All our results take polynomial time.

Our tools and techniques. The basic idea of [1] and [6] is to solve a linear program to deter-
mine prices and assignment probabilities for bidder-item pairs. We use the same general approach
but extend the linear programs of [1] by suitable constraints that are (i) “strong enough” to enable
us to achieve approximation ratios for general matroids, but also (ii) “weak enough” so that they
can still be solved in polynomial time using the Ellipsoid method with a polynomial-time separation
oracle. In the correlated items case the results of this new LP together with a modified mechanism
and a careful analysis lead to the improved approximation factor over [1], even with general matroid
constraints.

In the independent items case Bhattacharya et al. [1] used Markov inequalities to reason that
uniform matroid constraints and budget constraints reduce the expected revenue only by a constant
factor. This approach, however, exploits certain properties of uniform matroids and cannot be gen-
eralized to graphical or general matroids. Thus, we extended ideas from Chawla et al [4] to develop
different techniques to deal with non-uniform matroid constraints: (1) For graphical matroids we
combine a graph partitioning technique and prophet inequalities [12]. (2) For general matroids we
use Lemma 3 (see also Theorem 10 in [4]) together with a bucketing technique. The lemma says
roughly that if a player is asked the same price for all items then the matroid constraints reduce
the expected revenue by at most a factor of 2 in the approximation. As we show it holds both in the
global as well as in the individual matroids setting. In combination with a bucketing technique that
partitions the items into buckets so that all items in the same bucket have roughly the same price

2 In [1] a sequential posted-price (spp) mechanism is defined as follows: The bidders are considered sequentially in
arbitrary order and each bidder is offered a subset of the remaining items at a price for this item and bidder; the
bidder simply chooses the profit maximizing bundle out of the offered items. These mechanisms have the advantage
of being more practical as they do not require from the bidders to report their valuations but only to take or leave
items with posted prices. Experimental evidence also suggests that in spp players tend to act more rationally and
they are more likely to participate.



the lemma allows us to tackle general matroid constraints in all of our non-constant approximation
algorithms. The generality of the lemma makes it very likely that it is further applicable.

We also develop a new way to deal with budget constraints that simplifies the proofs and enables
us to improve the approxzimation factors, e.g. for uniform matroids from 24 [1] to 9.

Apart from improving and extending recent results, more importantly our paper sheds light on
multi-parameter Bayesian mechanism design and evolves, combines and proposes alternatives for
important recent techniques. Thus it represents one further step towards the better understanding
of this very important, timely and still wide open problem.

The paper is organized as follows. The next section contains all necessary definitions. Section 3
presents the result for correlated, Section 4 for independent valuations.

2 Problem Definition

There are n bidders and a set J of m distinct, indivisible items. Each bidder i has a private valuation
v;j > 0 for each item j drawn from a publicly known distribution D; ;. Additionally each bidder
has a budget B; and cannot be charged more than B;. If bidder 7 receives a subset S; of items and
is charged p; for it then the profit of bidder 7 is Zje s, Vij — pi- Bidders are individually rational,
i.e. bidder i only selects S; if his profit in doing so is non-negative. A bidder is individually rational
in expectation if his expected profit is non-negative. The goal of the mechanism is to maximize its
revenue » ., p; under the constraint that p; < B; for all ¢, that all bidders are individually rational
or individually rational in expectation, and that each item can be sold only once. Additionally there
are matroid constraints on the items. We analyze two types of matroid constraints: In the universal
matroid constraint problem there exists one matroid M such that U;S; has to be an independent
set in M. In the individual matroid constraint problem there exists one matroid M; for each bidder
i such that S; has to be an independent set in M,.

Assumptions. We make the same assumptions as in [1,6] (1) For all ¢ and j the number of
valuations with non-zero probability, i.e., the support of D;; is finite and non-zero only at rational
numbers. The running time of our algorithms is polynomial in n, m, and the size of the support
of D;; for all bidders i and items j, i.e., in the size of the input. (2) The random variable v;; takes
only rational values and that there exists an integer L polynomial in the size of the input such that
for all 4, j, 1/L < wv;; < L. (3) For each of the matroids M; if given a subset S of J we can in time
polynomial in the size of the input compute rankay, (S) and determine whether S is independent
in M, or not.

3 Correlated item valuations

Here we study the setting that the distribution of the valuations of a fized bidder for different items
can be arbitrarily correlated, while the distributions of different bidders are independent. To model
this setting we assume that (a) the valuations of a bidder i are given by its type, (b) there is a
publicly known probability distribution f;(¢) on the types of bidder ¢ with finite support, and (c)
(ve1, - - -, V) is the vector of valuations for item 1,..., m for a bidder with type ¢t. Additionally we
assume in this section that every probability f;(t) is a rational number such that 1/L < f;(¢) <1,
where L is polynomial in the size of the input. We present a BIC mechanism that gives a 2-
approximation of the optimal revenue.

The mechanism works as follows: Based on the distributions D;; the mechanism solves a linear
programming relaxation of the assignment problem, whose objective function is an upper bound
on the value achieved by the optimal mechanism. The linear program returns values for variables



¥is(t), where S is an independent set in M, for “payment” variables p;(t) for each i and t, and
for variables z;;(t) for each ¢, j, and t. Then the mechanism interprets y;s as the probability that
the optimal BIC mechanism assigns S to ¢ and picks an assignment of items to ¢ based on the
probability distribution y;s(t;), where ¢; is the type reported by bidder i. The constraints in the
linear program guarantee that the mechanism is BIC.

(LP1) Maximize ), , fi(t)pi(t) such that

Vi,j, t 'mij — J}Z'j(t) Z 0 (1)
Vj - Zmij 2 -1 (2)

V’i, t, S Z Utj Tij (t) — Z Utjxij(s) - pi(t) + pi(s) Z 0 (3)
J J

Vit Y wgig(t) — pi(t) > 0 (4)
Jj€J;

Vi, t, j > Yyis(t) — 2ij(t) = 0 (5)

independent S with j€S

Vit > —wis(t)=-1 (6)

independent S

\V/i,t _pi(t) > _Bz (8)
Vi, gt x(t) > 0,Vi, t: pi(t) > 0,Vi,t,5 : yis(t) > 0,Vi,j:mi; >0 (9)

Note that the optimal BIC mechanism is a feasible solution to LP1: Set z;;(¢) to the probability
that the mechanism assigns item j to bidder i when the bidder reports type ¢ and y;s(t) to the
probability that the mechanism assigns set S to bidder ¢ when the bidder reports type t. This
assignment fulfills all constraints of LP1, i.e. it gives a feasible solution to LP1. Thus LP1 has
a solution and its optimal solution gives an upper bound on the revenue of the optimal BIC
mechanism. LP1 has an exponential number of variables but using the fact the dual LP has only
a polynomial number of variables and a polynomial time separation oracle, we show that LP1 can
be solved in polynomial time.

Lemma 1. The linear program LP1 can be solved in polynomial time.

Proof (of Lemma 1). Note that LP1 might have an exponential number of variables but it has
only a polynomial number of inequalities and equations. Thus the Ellipsoid method with the greedy
algorithm as separation oracle can be used to solve the dual of LP1 in polynomial time. More
precisely the dual uses the following variables: (a) for each item j a variable g;, (b) for each bidder
i and types t and s a variable by, (c) for each bidder ¢ and type t variables c¢;, e;, and hj, and
(d) for each bidder i, item j, and type t variables a;j;, dijy and z;;;. The dual has the following
constraints:



(DLPl) Minimize Zj g; + Zi,t hit + Zi,j,t dijt + Zi,t Bi;e;t such that

Vi, gt i — Y vgbis + > Vigbis — vigea + dige + 250 > 0 (10)

S s/
Vit > bus— Y biwt + it + i > —fi(t) (11)

S 5’
Vi, t,independent S — Z Zijt + hit > 0 (12)
jeSs
Vi, j gj — Z ajj¢ = 0 (13)
t

V’i,j,t . aijt Z 0 and dijt Z O,Vi,t, S bits Z 0 (14)
Vi, t:cy > 0,e >0 and hy >0,Vj:g; >0 (15)

By assumption all values in the constraints are rational numbers and can be turned into integers
by multiplying them by L. Additionally setting all variables to 0 gives a feasible solution. Thus,
if there exists a polynomial-time separation oracle then the ellipsoid algorithm can solve the dual
linear program in time polynomial in the size of the input [7]. Since the Ellipsoid method runs in
polynomial time it considers only a polynomial number of inequalities in its computation. Consider
a new dual program that contains only these inequalities. It must have the same optimal solution
as the original dual. Thus its dual gives rise to new primal program with a polynomial number of
variables, whose maximum value is the same as the maximum value of the original primal program.
The new primal program can be solved in polynomial time. All variables that are not in the new
primal program have value 0.

It remains to give a polynomial-time separation oracle. Note that the greedy algorithm finds in
polynomial-time a maximum weight independent set for a matroid. Thus, for every bidder 7 and
every type t it can be used to find a maximum-weight independent set W;, where the weight of item
Jis zije. I ) jew, Zijt < hi; for all ¢ and all ¢ then constraint (12) holds for all 4, ¢ and independent
sets S. If for some ¢ and ¢ it holds that > jew, Zijt > hit, we have found a violated constraint. There
are only a polynomial number of other constraints and they all can be checked in polynomial time
each. Thus there exists a polynomial-time separation oracle for the above dual, which leads to a
polynomial-time algorithm to solve the above primal program.

For each bidder i we treat y;s as a probability distribution over the independent sets S of M;
and pick an independent set T; according to that probability distribution. We define for all items
J, Zoj = 1 and for all items j and bidders i let Z;; =1 — 3", _, xy;(tyr)/2. Note that Z;; > 1/2 and
thus 1/(2Z;;) < 1. The mechanism assigns the items to bidders as follows:

1. A=J
2. Fort=1,2,...,n
(a) Pick an indep. set T; using the distribution yg;(¢;); set S; =0
(b) for each j € T;: if j € A then with probability 1/(2Z;;) do:
L Si=8U{j} A=A-{j}

(c) Bidder i gets S; and pays p;(t;)/2 .

We show in the proof of Theorem 1 that P(j € S;) = z;j(t;)/2. Thus (3) and (4) of LP1 together
with the fact that p; = p;(t;)/2 guarantee incentive compatibility in expectation and individual
rationality in expectation.

Theorem 1. The above mechanism is Bayesian incentive compatible, individually rational in ez-
pectation, and its revenue is a 2-approrimation to the optimal BIC mechanism.



Proof (of Theorem 1). Due to constraints (1) and (2) in LP1 for each item j ). z;;(¢;) < 1. Thus
Zij = 1 =% u;xij(ty)/2 > 1/2. Thus, 1/(2Z;;) < 1. During the execution of the mechanism A
is the set of items that are still available, while the items in J \ A have already been assigned to
a bidder. Let E;; be the event that item j belongs to A after bidder i — 1 has been processed (if
it exists) and before bidder ¢ is processed. We show by induction that (a) Pr(E;;) = Z;; and (b)
Pr(j € S;) = x;;(t;)/2. Note first that, due to Constraint (5) of LP1, for each bidder ¢ item j is in
T; with probability x;;(t;).

For ¢ = 0, the probability that j is in 7 is x;(to), Fo; holds and Zy; = 1. Thus, Pr(Ey;) =
1 = Zy;j. The probability that j is in S; is Pr(j € Tp) - 1/2 = xo;(t0)/2.

For i > 0 note that Pr(E;j) =1—Pr(j € SoUje S1U---Uj € Si_1). For all 0 <4',i" <1,
the event j € Sy is disjoint from the event j € Sy». Thus, Pr(j € SoUj € S1U---Uj € Si_1)
= > e Pr(j € Si) = >y xij(ty)/2. The latter equation holds by induction. This proves that
Pr(Eij) = 1=y ;xyj(ty)/2 = Zij. Next we analyze Pr(j € S;). The event E;; only depends on
the picked sets Ty and the coin flips for bidder i’ with i < 4, while the event j € T; only depends
on the randomly chosen set T; for bidder ¢. Thus the event Ej; is independent from the event j € T;
and both are independent from the event that the biased coin flip in line (2c) is a success. Thus,

By linearity of expectation, the expected profit bidder ¢ acquires is _; vijzi;(t:) /2—pi(t:) /2 = 0.
The latter inequality holds by Constraint (4) in LP1, regardless of the type that bidder i declared.
It shows that every bidder is individually rational in expectation. Constraint (3) guarantees that
the mechanism is Bayesian incentive compatible.

The expected revenue is ), , fi(t)pi(t)/2. This is half the value maximized in LP1. Since LP1
is an upper bound to the revenue achieved by the optimal mechanism, our mechanism is a 2-
approximation of the optimal revenue.

4 Independent item valuations

In this section we assume that for each bidder ¢ the distributions of v;; for different j are indepen-
dent. The goal is to achieve for this case a stronger notion of truthfulness, namely a DSIC instead
of a BIC mechanism. All mechanisms in this section are sequential-posted-price mechanisms.

For each item j and bidder i let V;; := min{v;;, B;/4} and let f;; be its density function, i.e.
Vij ~ fij. We assume that for all 4, j and r all values f;;(r) are rational numbers.

Bhattacharya et al. [1] formulated an LP with variables x;;(r), where x;;(r) denotes the expected
amount of item j bidder ¢ gets when V;; = r. We modify their LP by generalizing their constraint
for uniform matroids to general matroids and call it LP2.

(LP2) Maximize Zi,j ZT rfij(r)xij(r)

Vi,VSCJ D ) fi(r)a(r) < rank(S) (16)

jes r

V1 Z Z rfij(r):cij (T‘) < Bi (17)
vj ZZJ%‘(T)JCU(T) <1 (18)

Vi, 5,7 xi;(r) € [0,1] (19)

Remark 1 (Universal matroid constraints). We give here the LPs for the case of Individual
matroid constraints (the kind of matroid constraints studied in [1]). If there is a Universal ma-
troid constraint M for all players (like the matroid constraints studied in [4]), then the whole



set of items allocated to the players has to be an independent set in M. For this setting we just
need to change the LP inequality that corresponds to the matroid constraint from Vi,V.S; € M;,
22 2o fij(r)zij(r) < rank(S;) to VS € M, 37, 57 fij(r)zij(r) < rank(S). The proof of Lemma 2
applies also to this setting.

Note that LP2 has an exponential number of constraints, but only polynomially many variables
and, as the next lemma shows, it can still be solved in polynomial time.

Lemma 2. (a) The mazimum value of the optimal solution for LP2 achieves at least 1/4 of the
revenue of the optimal BIC mechanism. Additionally there exists an optimal solution for LP2 such
that z;;(r) is a monotonically non-decreasing function of r. (b) The solution can be computed in
time polynomial in the size of the input.

Proof (of Lemma 2). (a) The proof that the maximum value is a 4-approximation and that x;;(r)
is a monotonically non-decreasing function of r closely follows the proof of [1] and is omitted.

(b) To show that the problem can be solved in polynomial time note that all values in the con-
straints are rational numbers. Additionally, setting all variables to 0 gives a feasible solution. Using
the same arguments as in the proof of Lemma 1 we just have to show that we can give a polynomial-
time separation oracle. Constraints (17) and (18) require to check a polynomial number of inequal-
ities, each taking polynomial time. We are left to show how to check Constraint (16). For given 4
and j, let wi; = >, fij(r)z;(r). Note that for any set S the function f(S) = 3_;cqw; —rank(S) is
a supermodular function. A set S that maximizes f(S) can found in time polynomial in n and m
as long as the values w; are rational numbers as it is identical to minimizing a submodular function
(see [11,13]). The values w; are rational numbers based on our assumptions on the rationality of
the input. Thus, if f(S) is larger than 0, we found a violated constraint. If f(S) is less than 0, then
Constraint (16) holds for all subsets S of J. Thus, we can in polynomial time either find a violated
constraint or verify that all constraints are fulfilled.

The following lemma is an important tool that we repeatedly use. It says that by giving the
bidder the freedom to choose the independent set he likes, and not assigning him the set with the
maximum revenue the mechanism will not loose more than a factor of 2 of the expected revenue.

Lemma 3. Assume that bidder i is offered a set S of items where each item has the same price
ri. Let q;; be the probability, that i is offered item j and picks it. Assume that for every subset T
of S, ZjeT ¢ij <rank(T). Let S; be the independent set of M; picked by the individually rational
bidder i, and let R; = ZjeSi qijr; be the expected revenue from S;. Then ZjeS\S,- qijTi < R;.

The equivalent lemma for the case of universal matroid constraints is the following:

Lemma 4. Assume that each bidder i is offered a set of items where all items have the same
price v for all players. Let S = U;S; be the independent set of the matroid picked by the individ-
ually rational bidders, let q;; be the probability that i is offered item j and picks it, and let R =
> Zjes qijr be the expected revenue from S. If for every subset T of S, >, Z]ET ¢ij < rank(T),

then Zz Zjespan(S) qi5r <R.

Proof (of Lemma 3). Let span(S;) be the set of elements of the matroid that are blocked by the
elements of 5;. Since the bidder is individually rational, he will pick, out of all items that give him
a profit, i.e., where v;; > r;, a maximal independent set.

Then, as all items are sold at the same price r;, the expected revenue lost due to the matroid
constraints of bidder i, given that the set of elements assigned to i is 5;, is Zjeé,pan(si) qijri <
Ti Y jespan(s;) Qi < rirank(span(S;)) < r; - rank(S;), where the last term is the revenue obtained.



Thus the expected revenue lost is then less than or equal to ) g 7;-rank(S;)- P(S; is served), which
is exactly the expected revenue obtained.

Proof (of Lemma 4). Let span(S) be the set of elements of the matroid that are blocked by the
elements of S. Since the bidder is individually rational, he will pick a maximal independent set out
of all items that give him a profit, i.e., where v;; > r.

Thus, as all items are sold at the same price r, the expected revenue lost due to the uni-
versal matroid constraints, given that the set of elements assigned to 7 is S; and S = U;95;, is
D0 D jespan(S) BT ST D0i X jespan(s) G < 7-rank(S), where the last term is the revenue obtained.
Then the expected revenue lost is then less than or equal to )¢ 7 - rank(S) - P(S is served), which
is exactly the expected revenue obtained.

Using a bucketing technique we show the following result, which does not make any assumptions
on the hazard rate.

Theorem 2. Assume for alli and j, v;; € [1, L] follow independent distributions fi;. Then there is
a O(log L) approximation of the revenue of the optimal BIC mechanism through a sequential posted
price mechanism under any matroid constraint.

Proof (of Theorem 2 for Individual matroids). The idea for getting a O(log L) approximation
under any matroid constraint is to compute based on the results of LP2 for each bidder ¢ a price
r; and for each item j a probability z7;. Then the mechanism offers each bidder every remaining
item with probability aj;kj at the same price ;. Note that different bidders can set different prices.

To prove Theorem 2 we first solve LP2 to get x;;(r) for all ¢, j, and r. Then for each bidder
i we group the r values in powers of 2 so that there are log L groups. Let Gy denote the interval
[2F 2k 1) Let kf := argmax, >_i 2reg, Tij(r)xij(r), that is pick the interval that maximizes

k¥ and set

the expected welfare. We set the price charged to bidder i for each item at r] := 2
Zreg;;_ fij(r)zij(r)

¥ = > lg o Then we use the following mechanism to assign items to bidders.
S ZZ i

ij

1. A=J.

2. Order the bidders arbitrarily.
3. Fori=1,2,....n

(a) Let S =10.

(b) For every item j € A with probability z};/2 add item j to S with a price of r}.

(c) Let the bidder pick an independent subset S; of S such that |S;|r} < B;. Assign S; to i at

a cost of |S;|r and set A=A\ ;.

We will now show that the revenue of this mechanism is at least £2(1/log L) of the optimal BIC
revenue. Let ¢f; = P(V;; > r7). Let OPT = .. > 7 fij(r)z;(r) be the optimal solution of LP2. Re-
call that (by Lemma 2) OPT is at least a constant fraction of the optimal BIC revenue. Thus it suf-
fices to show that the revenue of our mechanism is 2(OPT/log L). Let OPT; = 3, >, fij(r)wij(r)
be the contribution of bidder ¢ to OPT. We will show that for every bidder i our mechanism receives
in expectation 2(OPT;/log L) from bidder i.

By the second constraint of LP2, OPT; < B;. Our mechanism achieves a revenue of |S;|r} from
bidder i. Thus, if |S;|rf > 3B;/4 then our mechanism receives for bidder i a constant fraction of
OPT;. Hence in the following we only need to consider bidders for which |S;|r} < 3B;/4. Since
Vij < B; /4, it follows that no item of S was omitted from S; because of the budget constraint.
Said differently, if 7; is the subset of items of S such that V;; > r}, then S; is a maximum rank
independent set of T;.



We show that (1) r} >, z7;qf; > OPT;/(2log L) and (2) our mechanism expects to achieve at
least r} >, x7;q5;/8.
We first show (1). (a) By the definition of the buckets and of z}; we have

Z 7 fij(r)xii(r) < 2r} Z fij(r)@ij(r) = 2rfz;; Z fij(r) < 2rizfq;.

T’ngi* Tegk;k Tegk-;f

By the choice of ki we have that (b) 32,3, cg . 7fij(r)zi(r) = logL 225 2 fij(r)zi(r), as
there are totally log L intervals. Putting (a) and (b) acogether we get that

i . . 1 OPT,;
2wl 2 gy 2 2 () = gy
J i T

Next we show (2). Lemma 2 shows that x;;(r) is monotone in 7. Thus z7; < z;;(r) for r €
Gk, with k > k;. Together with the definition of z7; this implies (c) z7;¢; = Zrzr; fij(r)xy; <
>, fij(r)zij(r). Thus by (c) and the third constraint of LP2 we know that (i) for each item j it
holds that ), x < 1. This implies that the probability that j was assigned to a bidder i’ < i is
upper bounded by >, _;(z};/2)q;; < i < 5. Thus, with probability at least 1/2, j was taken by none
of the earlier bidders, which implies that with probability at least 1/2, j is still in A when bidder
1 is considered.

By (c) and the second constraint of LP2 we know that (ii) for each subset S of J, >, g 27;¢]; <
rank(S). Assume for the moment that bidder ¢ had no matroid constraints. Then the expected
revenue of bidder ¢ would be

Ri=Y P(j € Ayi(a}/2)a;; > Y (1/2)ri (x};/2)d;.
j J

zngj

However, bidder 7 has to respect the matroid constraints and chooses a maximum independent set
of T;. By (ii) we can use Lemma 3. It shows that that the expected revenue of the items in S;
is at least R;/2. Thus, the expected revenue that our mechanism achieves for bidder i is at least

3545 :/8. Together with (1) this shows that the expected revenue that the mechanism achieves
for bldder i is at least OPT;/(161og L).

Since the mechanism is a sequential posted price mechanism it is DSIC and individually rational.

Proof (of Theorem 2 for Global matroids). For one global matroid the mechanism uses one k*
value and one price r* for all bidders and items. This results in some simplifications in the proof.
For completeness we give the full proof.

We first solve LP2 to get z;;(r) for all 4, j, and r. Then we group the r values in powers of 2 so
that there are log L groups. Let Gy, := [2F,2""1) and k* := argmax; >ij 2regy Tfij(r)@ii(r), that

is pick the interval that maximizes the expected welfare. We set the price charged for each item at

reGyy Jid ij . . . .
;‘j = = EEIGkEg ];rif ;(T). Then we use the following mechanism to assign items to
rEGEx I

r* = 2" and set
bidders.
1. A=J.
2. Order the bidders arbitrarily.
3. Fori=1,2,...,n
(a) Let G; = 0.
(b) For every item j € A with probability xfj/?) add item j to G; with a price of r*.
(c) Let the bidder pick an independent subset S; of G; such that |S;|r* < B;. Assign S; to i at
a cost of |S;|r* and set A = A\ {S; U span(S;)}.



We will now show that the revenue of this mechanism is at least £2(1/log L) of the optimal
BIC revenue. Let OPT = _, . > rfi;j(r)xij(r) be the optimal solution of LP2. Recall that (by
Lemma 2) OPT is at least a constant fraction of the optimal BIC revenue. Thus it suffices to show
that the revenue of our mechanism is 2(OPT/log L). We will show that our mechanism receives
in expectation 2(OPT/log L) from the bidders.

Let g¢i; = P(Vij > r*) = 3,5, [ij(r). Lemma 2 shows that x;;(r) is monotone in r. Thus
zj; < xij(r) for v € Gy, with k& > k*. Together with the defiition of z7; this implies (a) x
ZrZr* fij(r)a; ij = Zr>r i (r)aij(r).

We show that (1) r Zm T5:q > OPT/(2log L) and (2) our mechanism expects to achieve at
least r* Z” zq5;/27.

Proof of (1). By the definition of the buckets and of z}; we know that,

Z Z Tfij(r)xm <2T Z Z fzg xz] Z ij <2T zjqz}"

i’j Tegk 7.] Tegk* Tegk*

* ok
Liii5 =

By the choice of £* and as there are totally log L intervals we have that

Z Z T‘fz] .Tz] = logL erf’] I”

1,J TEGE*

Combining the two previous inequalities we get that
r Z Tiiqs; > 2101gL Z Z fij(r)xij(r) = OPT/(2log L).
i, T
Proof of (2). By the second constraint of LP2 and (a) we get that for all 1,
B > 3N rfy(nay(r) = Y aaly.
i J

Since r* >, ¢};(z};/3) < B;/3 and from the Markov inequality we get P(3_;r"q;(z};/3) >
3B;/4) < 4/9. Next we show (3). By (a) and the third constraint of LP2 we know that (i) for each
item j it holds that >, z7;q;; < 1. This implies (using the Markov inequality) that the probability
that j was assigned to a bidder i’ < is upper bounded by >, _;(z7;/3)q}; < %

Thus, by union bounds with probability at least 1 — (1/3 +4/9) = 2/9, when the pair (3, j) is
considered, j was taken by none of the earlier bidders, and the player also has enough budget to
take the item, as V;; < B;/4.

Assume for the moment that there are no matroid constraints. Then the expected revenue R
would be at least 3 (2/9)r*(x};/3)q;;. However, the allocation has to respect the matroid constraint
and chooses a maximum independent set. By (a) and the second constraint of LP2 we know that
for each subset S of J }7, > g xy;qf; < rank(S). We can then use Lemma 4. It shows that that
the expected revenue is at least R/2. Thus, the expected revenue that our mechanism achieves for
bidder i is at least }_, ;rjx};q;;/27. Together with (1) this shows that the expected revenue that
the mechanism achleves for bidder 7 is at least OPT/(54log L).

Since the mechanism is a sequential posted price mechanism it is DSIC and individually rational.

4.1 Valuation distributions with Monotone Hazard Rate

In this section we give mechanisms with better approximation ratios by placing restrictions on the
distribution function f;;. Following Myerson [9] we call the function h(r) = f(r)/(1 — F(r)) the



hazard rate of f. The probability distribution f;; has a monotone hazard rate (MHR) if 1/h;;(r) is
non-decreasing as a function of r. The function ¢;;(r) = r — 1/h;;(r) is called the virtual valuation
of player ¢ for item j. The distribution is called regular if the virtual valuation is a non-decreasing
function of r. Clearly, MHR distributions are regular, but the converse does not always hold.

In the previous section we gave a @(log L) sequential posted price mechanism for general ma-
troids. Since this matches the known lower bound for sequential posted price mechanisms and the
lower bound is achieved by a distribution that satisfies regularity [1], the natural question to ask is
whether we can do better for valuations v;; whose distributions satisfy the monotone hazard rate
condition.

We modify the LP given by Bhattacharya et al [1] for the special case of uniform, individual
matroids to work for both general, individual matroids and general universal matroids. The resulting
LP3 has an exponential number of constraints but the same argument as in Lemma 2 shows that
the LP can be solved in polynomial time. We then generalize the proof of the two subsequent
lemmata to work for the modified LPs. We start by giving LP3.

(LP3) Maximize Z Z fii (1) ij(r)ziz(r)

Vi,VSCJ D ) fi(r)ag(r) < rank(S)

jeSs r

Vi sz” (r)¢ij(r)zij(r) < B
i 22 fues() <1

Vi,j, r .Z‘Z'j(’l“) c [0, 1]

Lemma 5 ([1]). If the valuations follow distributions that fullfill the MHR condition, then the
revenue of LP3 is at least ﬁ times the revenue of LP2.

Lemma 6 ([1]). The optimal solution to (LP3) satisfies the following property. For alli,j x;; be
decomposed in polynomial time in the following way: x;; = pijysj + (1 — pij)zij, where r;+1< Bi
7’;}' >1,

0 forr <rj 0 forr<ri+1
yij(r) = Iy Zij(T) =
L forr =1y 1 forr=>r+1
Define R;j = pijri; P(Vi; > rj;) + (1 = pij) (1 +17;) P(Vij > rf; + 1), and
Gij = pig PVij 2 r3) + (1= pig) PVij 2 75 + 1),
Then (a) 32, xij(r)dij(r) fij(r) = Rij, and (b) 32 2i5(r) fij(r) = qij-
An O(k) Approximation for General Matroids assuming MHR To warm up we show that
a very simple mechanism achieves an O(k) approximation ratio.

Theorem 3. Assume for all i and j, vij € [1,L] follow independent distributions fi; and satisfy
the monotone hazard rate condition. Then there is an O(k) approzimation of the revenue of the
optimal BIC mechanism, through a spp mechanism under any matroid constraint.



Proof (of Theorem 3 for both Individual and Global matroids). Since the proof is practically
the same for Individual and global matroids we simply note in parentheses the points where the
proof for global matroids differs. We first solve LP3 to get the z;; values and then decompose
Zi; = xi;/(2k) according to Lemma 6 to get p;;, 7‘ - and ¢;; values. For each bidder i in the case of
Individual matroids it follows that >, qi; = >, Z (xi(r)/(2k)) fij(r) < rank(J)/2k = 1/2 where
the equality is by Lemma 6 and the inequality from the first constraint of LP3. (For global matroids

it holds that >, > qi; = >2; > 22, (2i5(r)/(2k)) fij(r) < rank(J)/2k = 1/2.)

Let 7 be the random variable that is equal to r}; with probability p;; and equal to r}; +
1 with probability 1 — p;;.

1. A=J.
2. Order the bidders arbitrarily.
3. Fori=1,2,....n
(a) For every item j € A post for it a price of 7;;.
(b) Ask bidder i to select at most one item j from A without violating his matroid and budget
constraints. Set A = A\ {j}.

(In the case of one global matroid in step (b) the algorithm should stop when the first item is
selected by a bidder, so we set A = () as soon as the first item is allocated.)

Note that the optimal solution to LP3 achieves a value of 2k Z - R; j and by Lemma 2 and 5 the
revenue of the optimal BIC mechanism is O(k Z R; ;). We will show that the revenue achieved by
our mechanism is a constant factor of R;; for each bidder item pair (7, 7). By Lemma 6, 7; < B;/4
so that bidder ¢ will not be budget constrained. Also the matroid constraints pose no challenge:
If bidder ¢ cannot take item j because of the matroid constraints, then no independent set can
contain j and thus the optimal mechanism cannot get any revenue from j for bidder ¢ either. Thus
it suffices to consider items j that belong to at least one independent set of M; (resp. M for global
matroids).

Let C denote the event {j € A when bidder 7 is considered} and Cy denote the event {bidder i
picks no item from A\ {j}}. The expected revenue our algorithm extracts for bidder 7 and item j is
at least P(C1NCy) - R;j = P(Cy)- P(Cy | C1)- R;; while, due to the definition of Z;;(r) the optimal
mechanism extracts a revenue of at most 2k - R;;. Thus it suffices to show that P(C1) > 1/2 and
P(Cy | C1) > 1/2 to show that our mechanism has an expected revenue of R;;/4.

The probability P({j € A when bidder i is considered}), i.e., the probability that j has not been
allocated to any of the previous bidders, is 1/3, because from Lemma 6 and the first constraint of
LP3 we have that for each j, E[>, ¢;j] = E[D>_, >, fij(r)zij(r)] < 1/2 and consequently by the
Markov inequality P[}"; ¢;; > 1] < 1/2 and, hence, P[Y ., _, ¢i; < 1] > P[>, q;j < 1] > 1/2.

Additionally we have that P(Cy | C1) = P({i picks no other item from A | C1}) > P({i has
a value below the price for all items of A\ {j} | C1} > P({i has a value below the price for
all items of J \ {j} | C1}. Now the crucial observation is that the two events C; and “bidder
i has a value below the price for all items in J \ {j}” are independent of each other: Whether
j € A when bidder i is considered depends on the valuations of the earlier bidders and not
on bidder ¢’s valuations. Whether bidder ¢ has a value above the price for no item in J \ {j}
only depends on valuations of bidder ¢ and not on the valuations of the other bidders. Thus,
P({i has a value below the price for all items of J \ {j} | C1} = P({i has a value below the price
for all items of J\ {j}}) = [Lyengy(1 — @ij)) = 1= 2 jenggy @i 2 3 since 2jengy dij <
Zjej gij < 1/2.



In the case of global matroid constraints the formulas change slightly as follows:

P({i has a value below the price for all items of J \ {j} | C1}) =
P({i has a value below the price for all items ofJ \ {j}} >

I G-ay)=1- > ¢y> % (since Y qi;j < quw <1/2).

J'eJ\{5} JeN{i} J€IN{5}

An O(log m) approximation for general matroids assuming MHR To achieve an O(log m)
approximation we bucket for each bidder ¢ all the items above a certain threshold according to their
Ty iy value. Note that this is different from the bucketing in the proof of Theorem 2, where we placed
the r values into buckets. Then we pick the bucket with the largest expected revenue, assign all
items in it the same price, and let the bidder pick an independent set of items from the bucket.
We use Lemma 3 to show that the expected revenue lost due to the matroid constraints is only a

factor of 2.

Mechanism for Individual matroid constraints
1. Solve LP3 to get the x;;(r) values, set for all 4, j and r, Z;;(r) = x;;(r)/2. Decompose Z;;(r) to
get pij and r7; values for all i and j. Set R;; = pijri; P(Vij > r3;)+(1—pij)(1+r5) P(Vij > r3;+1).
2. For each bldder 1 do
(a) Set OPT; =3 ; Rij, let ri"" = max;{r}; + 1}, and let rmin = OPT; /m?.
(b) For [ = [log(r™™)| to [log(r™e®)| do: Set I} = ()
(c) For all items j with T3 2 Tmin do
i. Set k = |log rijj, Fk Iy U{(4, pij - P(VU > i)/ PVij > 2F))}, set k' = Llog(r;“j +1)]
and I = I U{(4, (1 _pij) (sz Z U + 1)/P(sz > le))}
(d) Set B; := I, with k; = argmax, 3 (; e, P2 kP > 2k).
3. A = J and order the bidders arbitrarily.
4. Fort=1,2,...,n

(a) Let S =0.
(b) For every item j € A: If (j,p) € B; then with probability p add item j to S with a price of
2k,

(c) Let the bidder pick an independent subset S; of S such that |S;|2¥ < B;. Assign S; to i at
a cost of |S;[2% and set A = A\ S;.

Theorem 4. Suppose that the valuations vi; € [1, L] follow independent distributions fi; for dif-
ferent (i,7) satisfying the monotone hazard rate condition and that the items allocated are subject
to a matroid constraint. Then for every bidder i the above mechanism is an O(log (rma® /yminy)
approximation of OPT; under any individual matroid constraint.

Proof (of Theorem 4 (Individual matroids)). Due to division of z;; by 2 we have that ), OPT;
is at least half of the revenue of the optimal BIC mechanism. We will show that our mechanism
receives a revenue of at least (3, OPT;)/(8]log (r™®® /rmi™) |), which shows that the mechanism is
a O(log (rima® /y™in)) approximation of the optlmal BIC mechanism.

Fix a bldder i. The total revenue discarded by ignoring all items j with r;; < rmm OPT;/m? is
at most OPT;/m < OPT;/2. Thus ). min Rij > OPT;/2. We will show that (A) the above

mechanism collects a revenue of at least a 1/( 16Uog( maz /pmin) |y fraction of Y ; j with ryy rmin Fij-

Note that OPT; < B;. Our mechanism collects from bidder i the revenue |S;[2%:. If ]S |2ki >
3B;/4, our mechanism received a constant fraction of O PT;, which shows (A). Thus, we only need

J with ri;2>r]



to analyze bidders i where |S;|2% < 3B;/4. Since 2 < ri; +1 < B;/4 no item of S was rejected
by such bidders ¢ because of the budget constraint. This implies that the subset S; picked by such
bidders ¢ is a maximum independent subset of 7T}, the subset of all items j of S with V;; > 2k We
first need to show the following three claims.

Claim. 3 e, p2ki P(Vy; > 2k) > OPT;/(4|log(rmas /rmin) |).
Proof. Recall that only items with r;; > r™" are placed into buckets. Thus

[log(ri**)]

> > p2F P(Vi; > 2F)

k=|log(rmin) | (j,p)E€l

> Y pgPViy 2 )PV > 208l (g /2) P(Vy > 2U0r i)+

min

J with r} >r
(1= piy) P(Vyg >y + 1)/ P(Vyy > 200D (5 +1) /2) P(vy > 28 it Dl)
= > R;;/2 > OPT; /4.

min

J with ri;>r]

The claim follows by the fact that there are |log(r™®* /r™") | many buckets and by the choice of
B;.

Claim. For every bidder i, let A; be the set A when the processing of bidder ¢ starts. Then for
every item j, it holds that j belongs to A; with probability at least 1/2.

Proof. Ttem j belong to A; iff none of the bidders i/ < i selected j. The probability that bidder
i’ selected j is at most py; P(Viy > i) + (1 — pirj) PVirj > 1h, + 1) = gy = 32, i (r) f(r) =
> zirj(r)f(r)/2. By constraint three of LP3 we have that >, ;> @y;(r)f(r)/2 < 1/2. Thus the
probability that any earlier bidder selected j is at most 1/2.

Claim. For every bidder ¢ and subset S of J, it holds that
> jes and (jp)es PPVig = 27) < rank(S).

Proof. Note that by the first constraint of LP3

Z pP(Vij > 2’“) < ZQij < rank(S).
j€S and (j,p)€B; j€ES

Assume for the moment that bidder i did not have any matroid constraints. Then by the second
claim the expected revenue of bidder ¢ would be X := Z(J}p)EBi P(j € A)p2kiP(Vij > 2’“1') >
> (ipes P2MP(Vij > 2¥) /2. Thus by the first claim X > OPT;/(8[log(r{"*" /ri*")|). Note that
bidder i is offered all items in B; for the same price and picks a maximum independent subset of
T;. Additionally for every subset S of J it holds that 3~ cq anq (jp)es, PP(Vij = 2ki) < rank(S) by
the third claim. Thus, by Lemma 3, the expected revenue of bidder i is at least X /2. It follows that
the expected revenue of bidder i is at least OPT;/(16|log (rim® /rmin)|).

Corollary 1. If fij(r) > 1/m® for all i, j, and v and some constant c, then our mechanism is an
O(logm) approzimation of the optimal revenue.



Proof (of Corollary 1). Recall that r" = OPT;/m?. If we assume that f;;(r) > 1/m¢ for all 4, j,
and r and some constant ¢, then it follows that P(Vij > rfj + 1) > 1/m®. Since we know that for
all i and j 77; - PV > ri+ 1) < R;j; < OPT; and ri; > 1, it follows that

ri* < max rfj +1 < 2max rfj < 2m°OPT; < m“t OPT,.
J J

Thus under this assumption 7"/ rzmm < m®"3 and, hence, our mechanism is an O(logm) approx-
imation of the optimal revenue.

Mechanism for Global matroid constraints
1. Solve LP3 to get the x;;(r) values and set for all 4, j and 7, Z;;(r) = x4;(r)/3. Decompose Z;;(r) to
get p;j and r7; values for all i and j. Set R;j = p;jri; P(Vij > ri;)+(1—pij) (1+15) P(Vij > r5;+1),
let OPT = Z” Rij, let 1ar = maxij{r;‘j + 1}, and let 7y, = OPT/m?.
2. For each bidder ¢ do
(a) For | = [log(rmin)]| to [log(rmaz)| do: Set I} =0
(b) For all items j with rfj > ronin do:
i Set k= [log 75, ), T = Tk U{Upis - POy = 13,)/P(Vys = 29)}, set K = [log(r, + 1)

and Fk/ = Fk/ U {(], (1 _pij) . P(Vz] > ’f’;}- + 1)/P(VZJ > 2k/))}

3. Find the bucket B := Iy~ with k* = argmax;, >, >(; »er, p2kP(V;; > 2F).
4. A=J.
5. Order the bidders arbitrarily.
6. Fort=1,2,...,n
(a) Let S =0.
(b) For every item j € A: If (j,p) € B then with probability p add item j to S with a price of
2k,

(c) Let the bidder pick an independent subset S; of S such that |S;|2¥" < B;. Assign S; to i at
a cost of |S;|2F" and set A = A\ {S; U span(S;)}.

The main technical challenge for proving the same result as in Theorem 4 for global matroid
constraints is that the argument cannot be applied to each bidder individually and thus the argu-
ment that deals with budget constraints cannot be used. Thus in the mechanism we need to divide
xi;(r) by 3, which allows us to show that with constant probability the budget constraint of bidder
1 is not violated.

Theorem 5. Suppose that the valuations vi; € [1, L] follow independent distributions fi; for dif-
ferent (i,7) satisfying the monotone hazard rate condition and that the items allocated are subject
to a matroid constraint. Then the above mechanism is an O(10g (rmaz/Tmin)) approxzimation of the
optimal BIC revenue under any global matroid constraint.

Proof (of Theorem 5 (Global matroids)). Due to division of x;; by 3 we have that OPT is at
least 1/3 of the revenue of the optimal BIC mechanism. We will show that our mechanism receives
a revenue of at least (OPT)/(2 -4 - 9|log (T"maz/Tmin)]), which shows that the mechanism is a
O(log (rmaz/Tmin)) approximation of the optimal BIC mechanism.

The total revenue discarded by ignoring all items j with r;; < 7 = OPT/ m? is at most
OPT/m < OPT/2. Thus 3, >/ witn vy > g = OPT /2 and consequently by ignoring all items
with 7;; < 7min We loose at most a factor of 2 in the approximation of the optimal revenue.

Claim. 32,32 p)es p2kP(Vi; > 2%) > OPT/(4log(Tmaz/Tmin)|)-



Proof. Recall that only items with 7;; > r,,;, are placed into buckets.

[log(rmax)]

Yo D P =2
k=llog(tmin)| ¢ (j:p)El%
SY S pePY 2 ) PV 2 20 05 2) P 2 20
t g with 735 2T min

(1= pij) P(Vij > 1y + 1) /P(Vyy > 2087 (o + 1) /2) P(V;; > 2los (0]

=> > Ry/2>0PT/4

i j with Tijzrmin
The claim follows by the fact that there are |log(rmaz/"min)| many buckets and the choice of B .

Claim. For every bidder 7 and item j, it holds that none of the bidders i < ¢ selected j with
probability at least 1/3.

Proof. The probability that bidder ' selected j is at most p;; P(Vyry; > 17,;) + (1 — piry) P(Virj >
ri;+ 1) = gy = 3, Twj(r)f(r) = 32, 2wj(r)f(r)/3. By constraint three of LP3 we have that

Yoo 2o Tirj(r)f(r)/3 < 1/3. Thus the probability that any earlier bidder selected j is at most 1/3.

Claim. For every bidder ¢ and subset S of J it holds that
>jes and (jpye PP Vij = 2F"y < rank(S).

Proof. Note that 3_, > cq and (jp)es PP(Vij = 2k < 3. > jes ij < rank(S) by the first con-
straint of LP3.

Claim. For every bidder ¢ and subset S of J it holds that
Zjes and (j,p)eBPQk P(V;; > 2F) < B;/3.

Proof. From the LP constraints we have

> pF P, <)< ZRU = Zwa )i ()i (1) /3 < By/3.

j€S and (j,p)eB

Assume for the moment that bidder 7 did not have any matroid constraints. Let F;; denote the
revenue extracted from the pair (7, j), (which is zero if item j is not sold to player i) and X;; € {0,1}
the random variable denoting whether item ¢ was taken by player j. Let F; denote the event
{>_12; Xa > 1} and Ej the event {}_, . Py, > 3B;/4}.

By the previous two claims, applying the Markov inequality, we get P(E;) < 1/3 and P(FE3) <
4/9. Thus we have P(E; U Eg) < P(E1) + P(E2) = 7/9 and consequently with probability at
least 2/9 none of these two events occurs. So when the pair (i, j) is considered, with probability
at least 2/9, j was taken by none of the earlier bidders, and the player also has enough budget
to take the item, as V;; < B;/4. Then if we denote the expected revenue by X, it would be
X >3 e 2/9028 P(Vij > 2F). Thus by the first claim X > 2- OPT/(4 - 9[10g(rmaz/Tmin)))-
Note that bidder 7 is offered all items in B for the same price and picks a maximum independent
subset of T;. Additionally for every subset S of J it holds that ;e unq (jpesPP(Vij = 9k")
< rank(S) by the third claim. Thus, by Lemma 3, we loose at most another factor of 2 in the
expected revenue. It follows that the expected revenue is at least OPT/(4 - 9|10g ("maz/Tmin)])-

Thus using the same proof as for Corollary 1 with OPT; replaced by OPT we get the following
result.

Corollary 2. If we assume that f;j(r) > 1/m® for all i, j, and r and some constant c, then our
mechanism is an O(logm) approximation of the optimal revenue.



4.2 Constant approximations for specific matroids with the MHR assumption

If the valuations v;; follow regular distributions and the feasibility constraint is described by a
k-uniform matroid, [1] gives a constant approximation algorithm for the optimal expected revenue.
We improved the approximation ratio from 24 [1] to 9, by arguing differently (and more simply)
about the fulfillment of the budget constraints: If the expected revenue from a bidder i is at least
3/4B;, the mechanism achieved a constant factor of the optimal revenue for i. Otherwise, since
Vij < Bi/4, the budget constraints did not keep i from taking more items and can be ignored in
the future analysis of the revenue collected from i. The proof also easily extends for the case of a
universal matroid constraint.

Theorem 6. Assume that for all i and j, vij € [1,L] follow independent distributions f;; and
satisfy the monotone hazard rate condition. There is a constant approximation of the revenue of the
optimal BIC mechanism, that achieves a 9-approrimation to LP3, through a spp mechanism under
global or individual k-uniform matroid constraints.

Proof (of Theorem 6 for individual and global matroids). We first solve LP3 to get the z;
values and then decompose z;;/3 according to Lemma 6 to get p;j, r;; and gij.

1. A=J.
2. Order the bidders arbitrarily.
3. Fort=1,2,...,n
(a) For every item j € A add it to the set of offered items with probability z;;/3 post for it a
price of 7;;.
(b) Ask bidder i to pick the items he prefers (without violating his budget and matroid con-
straints). Denote by S; the set of elements picked by bidder i and set A = A\ S;.

Let P;; denote the revenue extracted from the pair (4, j), (which is zero if item j is not sold to
player i) and X;; € {0, 1} the random variable denoting whether item i was taken by player j. Note
that OPT; < B;. Our mechanism collects from bidder i the revenue ) j P;;. We take two cases:

Let Pj; denote the revenue extracted from the pair (4, ), (which is zero if item j is not sold
to player ¢) and X;; € {0,1} the random variable denoting whether item ¢ was taken by player j.
Note that OPT; < B;. Our mechanism collects from bidder i the revenue ) j Py;.

(a) If > ; Pij > 3B;/4, then ;P > 3B;/4 > 30PT;/4 so our mechanism receives a 3/4
fraction of OPT; and the proof is complete.

(b) If > ;Pij <3B; /4, the following argument shows that the budget of player i did not affect
his decision to take or leave any of the items since 75; <7, +1 < B; /4 for all j.

(i)(Individual matroids) Fix a player ¢ and an item j. We will show that with constant
probability item j is still available and the total number of items k that can be allocated has not
been exceeded yet, so the player picks the item if v;; > 7;;. Let £y denote the event {) £ Xg > 1}
and Ey the event {3, .. Xy > k}.

By Lemma 6 and the first and third constraint of LP3 it follows that

ED Xal =Y au=>_ (xa(r)/3)ful(r) < k/3 and E[Y_ X.;] < 1/3.
l ! T

i st

By applying the Markov inequality we get P(E7) < 1/3 and P(E2) < 1/3. Thus, we have P(E; U
E,) < P(E)) + P(FE2) = 2/3 and consequently with probability at least 1/3 none of these two
events occurs. Consequently for each pair (i, j) we obtain a 1/3 approximation of the revenue, thus
for each player i we obtain a 1/3 approximation of the OPT;.



Putting cases (a) and (b) together we get at least a 1/3 - min{1/3,3/4} = 1/9 approximation
of the objective of LP3.

(ii) (Global matroid) Fix a player i and an item j. We will show that with constant probability
item j is still available and the total number of items s that can be allocated has not been exceeded
yet, so the player picks the item if v;; > 7;;. Let Ey denote the event {Zl# Xy > 1} and E5 the

event {> . ;> X >k}
By Lemma 6 and the first and third constraint of LP3 it follows that

quij = ZZ(xij(T)/g)fij(T) <k/3 and E[Zij} <1/3.
2,] ij T

SF#1

By applying the Markov inequality we get P(E7) < 1/3 and P(F3) < 1/3. Thus we have P(E; U
E,) < P(E)) + P(E;) = 2/3 and consequently with probability at least 1/3 none of these two
events occurs. Consequently for each pair (i, 7) we obtain a 1/3 approximation of the revenue, thus
for each player ¢ we obtain a 1/3 approximation of the OPT;.

Putting cases (a) and (b) together we get at least a 1/3 - min{1/3,3/4} = 1/9 approximation
of the objective of LP3.

4.3 Graphical matroids

In the case of graphical matroids we use a graph decomposition technique employed by [4] for
matroids with budget constraints and prophet inequalities for matroids without budget constraints
to achieve the following results.

Theorem 7. If for alli and j, vij € [1, L] follow independent distributions f;; and satisfy the mono-
tone hazard rate condition, then there is a constant approrimation of the revenue of LP3, through
a sequential posted price mechanism under global or individual graphical matroid constraints.

Remark 2. Our new technique for dealing with budgets applies to all cases where we can argue
that we achieve a constant fraction of the optimal revenue R;; for each bidder item pair (i, j) (like
for example in the case of Uniform matroids) or of the optimal revenue OPT; = }_; R;; for each
player separately (like in the case of any global matroid constraint). In those cases we loose at most
a factor of 3/4 because of the budget constraint. If however we can only argue about the total
revenue for all items (like in graphical matroids) then budget constrained bidders together with
global matroids result in much worse approximation ratios than for the case of individual matroids
together with budget constraints.

Proof (of Theorem 7 for individual matroids). We first solve LP3 to get the z;; values and
then decompose z;;/4 according to Lemma 6 to get pij,rfj and ¢;;. By Lemma 6 and the first
constraint of LP1 it follows that 3, ¢ij = > ;cq >, (wi(r)/4) fij(r) < rank(S)/4 for each i and
each subset S of J.

Let G; = (V;,J) be the graph defining the feasibility constraint for bidder i. The idea is to
partition the matroid into sets T}, so that bidder i gets only a single item from each T;, and still
obtain a good approximation to the expected optimal revenue. We can achieve this if we can find
a partition of the items (which are the edges of G;), into sets T;, such that for each i it holds that
UvEViTIi,v =J and E]ETZ',U qij < 1/2

We can find such a partition as follows: For each v € Vj let §;(v) be the set of edges incident to
v and define ¢ := > jesi(w) ij- Now 3_, ¢ = 23 ;ai; < 2-rank(V;)/4 < (|Vi| — 1)/2. Thus there
exists a v for which ¢! < 1/2. For each bidder i we run the following algorithm independently.



1. U=V;, A= J. While there exists av € U

(a) For every node v set ¢! = Ejeéi(v)ﬂA ¢j

(b) Pick a node v € U with ¢} < 1/2,

(c) Set Tj, :=6;(v) N A,

(d) Set U=U\{v}and A= A\T;,.
Fix a bidder 7. The sets T}, are chosen in such a way that if a set S; contains no more than one
element from T, for each v, then S; is an independent set in M;, i.e., the matroid constraints
are fulfilled. Now that we have the desired partition we can present our algorithm. Let 7;; be the
random variable that is equal to rj; with probability p;; and equal to r;4+1 with probability 1—p;;.

1. A=J.
2. Order the bidders arbitrarily.
3. Fort=1,2,...,n
(a) For every item j € A post for it a price of 7;;.
(b) Ask bidder i to pick the items he prefers (without violating his budget constraints) with
the restriction that he can only take a single item from each set T;, N A. Denote by S; the
set of elements picked by bidder i and set A = A\ S;.

Let OPT; = ; Rij. We will show that the revenue achieved by our mechanism for every bidder
1 is a constant factor of OPT;. Note that OPT; < B;. Thus if the mechanism achieves a revenue of
3B;/4 for bidder 7 it has achieved a constant factor of O PT;. Thus in the following we only consider
bidders 7 where our mechanism achieves a revenue of less than 3B;/4. In this case bidder i is not
constrained by its budget since for every item j it holds that 7;; < B;/4. Thus if ANT;, # () when
bidder i is considered, then bidder ¢ will pick an element j of ANT;,, provided v;; > 7;;. Thus we
will show that our mechanism obtains in each one of these sets T} ,, a constant approximation of the
expected revenue this T; , contributes to the optimal solution. Fix a set T; ,, and an item j € T} ,,. If
j € T; yNA and T; ,NA doesn’t contain any other item that he prefers to item j, then we are sure that
the expected revenue extracted is R;j. Let C; denote the event {j € A when bidder ¢ is considered}
and Cy denote the event {bidder i selects no item that is not j from T;, N A}. Then the expected
revenue our algorithm extracts from each T;, is at least ZjeTi,v P(CiNCy)- Ry = ZjeTm P(C)-
P(Cy | C1) - R;j and the total expected revenue of the algorithm is at least Y, >, ZjGTM P(Cy) -
P(Cy | C) - Rij = 32,22 P(C1) - P(Cy | Ch) - Ry

It remains to show that P(Cy) > 1/2 and P(Cy | C1) > 1/2. The probability P({j €
A when bidder i is considered}), i.e., the probability that j has not been allocated to any of the
previous bidders, is at least 3/4, because from Lemma 6 and the constraints of LP3 we have that for
each j, E[Y ., qv;) < E[D_; >, fij(r)zij(r)/4] < 1/4 and consequently by the Markov inequality

It holds that

P(Cy | C1) = P({i picks no other item from T; , N A | C1})
> P({i has a value below the price for all items of (7;, N A)\ {j}} | C1)
> P({i has a value below the price for all items of T;, \ {j}} | C1).

Now the crucial observation is that the two events C and “bidder i has a value below the price for
all items in T;, \ {j}” are independent of each other: Whether j € A when bidder ¢ is considered
depends on the valuations of the earlier bidders and not on bidder i’s valuations. Whether bidder
i has a value above the price for no item in T;, \ {j} only depends on valuations of bidder i and



not on the valuations of the other bidders. Thus,

P({i has a value below the price for all items of T, \ {j} | C1}
= P({i has a value below the price for all items of T;, \ {j}} >

HJ”ETz‘,v\{j}(l —qij) 21— ZjeTm\{j} Q,jr = %

The last inequality holds because Zj’eTi,u\{j’} Qi < Ej’eTi,U gy < 1/2.

Consequently the total expected revenue of the algorithm is at least 3, >, P(C1)-P(C2)-Rij >
>i2.;3/4-1/2-Ri; =3/8-%, ; R;j. The objective of LP3 is at most 4}, ; R;; In other words the
algorithm gives a 3/2-approximation to the objective of LP3.

Proof (of Theorem 7 for a global matroid). The difference in the proof between individual
and global matroid constraints is that in the latter setting (a) the partition of the graph is done
globally for all vertices and not individually for each vertex and (b) the budget constraint cannot
be reasoned about for each bidder individually and, thus, we need to use a Markov bound argument
that leads to a worse, but still constant competitive ratio. For completeness we give the full proof
below.

We first solve LP3 to get the x;; values and then decompose z;;/4 according to Lemma 6
to get pi;,7;; and g;;. By Lemma 6 and the first constraint of LP1 it follows that Zj qij =
> jes 2r(@ij(r)/4) fij(r) < rank(S)/4 for each i and each subset S of J.

Let G = (V,J) be the graph defining the feasibility constraint. The idea is to partition the
matroid into sets T, so that only a single item from each T, is allocated and still obtain a good
approximation to the expected optimal revenue. We can achieve this if we can find a partition of
the items (which are the edges of G), into sets T, such that U,cy T, = J and EjeTv gij <1/2.

We can find such a partition as follows: For each v € V' let 6(v) be the set of edges incident to
v and define g, := 3¢50, G- Now 30, g = 237, ¢ < 2-rank(V)/4 < (V| —1)/2. Thus there
exists a v for which ¢, < 1/2. We run the following algorithm in order to partition the graphical
matroid.

1. U=V, A= J. While there exists a v € U

(a) For every node v set gy = 3 c50)na %

(b) Pick a node v € U with ¢, < 1/2,

(c) Set Tp, :=d(v) N A,

(d) Set U =U \ {v} and A = A\ T,.

The sets T, are chosen in such a way that any set that contains at most one element from 7T, for
each v, is guaranteed to be an independent set in M, i.e., the matroid constraints are fulfilled. Now
that we have the desired partition we can present our algorithm. Let 7;; be the random variable
that is equal to r;‘j with probability p;; and equal to rfj + 1 with probability 1 — p;;.
1. A=J.
2. Order the bidders arbitrarily.
3. Fori=1,2,...,n
(a) For every item j € A post for it a price of 7;.
(b) Ask bidder i to pick the items he prefers (without violating his budget constraints) with
the restriction that he can only take a single item from each set T, N A. Denote by S; the
set of elements picked by bidder ¢ and set A = A\ Uyeg, T

Let OPT = Zz ; Rij. We will show that the revenue achieved by our mechanism is a constant
factor of OPT. More specifically for each vertex v we will show that our mechanism expects to
obtain a constant fraction of the revenue that the optimal solution extracts from T,. We first define
the following events.



1. Let C; denote the event {j € A when bidder i is considered},

2. let Cy denote the event {bidder ¢ picks no item different from j from T, N A},

3. let C3 denote the event {>_ j P;; < 3B;/4}, which guarantees that player ¢ has enough budget
to take one more item, and

4. let Cy denote the event {i has a value below the price for all items of T, \ {j}}.

If ANT, # () when bidder 7 is considered, then bidder 7 will pick an element j of ANT,, provided
vy > 745. Now Fix a set T;, and an item j € T,,. If j € T, N A and T;, N A does not contain any other
item that he prefers to item j, then we are sure that the expected revenue extracted is R;;. Thus
the expected revenue our algorithm extracts from each T), is at least jeT, P(CiNCyNC3)-Rij =
>jer, P(C1) - P(Co N C3 | C1) - R;j and the total expected revenue of the algorithm is at least
> 2w 2jer, P(CL) - P(C2NC3 | C1) - Ry = 32,3, P(Ch) - P(CaN C3 | Ch) - Ry

We show below that P(Cy) > 3/4 and P(CoNC3 | Cy) > 1/6. By Lemma 6 and the constraints
of LP3 we have that for each j, E[>,_; qrj] < E[D; >, fij(r)zij(r)/4] < 1/4 and consequently by
the Markov inequality P[>, ¢;; < 1] > 3/4.

It holds that

P(CQ NCs ’ 01) >
P({i has a value below the price for all items of (T, N A)\ {j}} NnCs | Cy) >
P({i has a value below the price for all items of T, \ {j}} N C5 | C1) = P(C4 N Cs | Cy).

Now the crucial observation is that the two events C; and CyNC35 are independent of each other:
Event C'1 depends on the valuations of the earlier bidders and not on bidder i’s valuations. Events Cy
and Cs only depend on valuations of bidder ¢ and not on the valuations of the other bidders. Thus,
P(CynCs | C1) = P(CyNC3). As before P(Cy) > 1/2 since Zj’eTv\{j} ¢y < ZjeTv g < 1/2.
By the second constraint of LP3 and Lemma 6 we get that for all 4, B;/4 > >, R;;/4. From
the Markov inequality we get P(C3) = P(}_; Rij/4 > 3B;/4) < 1/3. Thus, by union bounds
P(CyNC3)=1—-P(CyUC3)>1—-P(Cy) —P(C3)>1-1/2-1/3=1/6

Consequently the total expected revenue of the algorithm is at least >, >, P(C4NCs) - P(Ch) -
Rij > 32,5 ;1/6-3/4-Rij = 1/8-3_, . R;j. The objective of LP3 is at most 43, ; R;; In other
words the algorithm gives a 32-approximation to the objective of LP3.

If there are no budget constraints and a global matroid constraint then with use of prophet
inequalities we can obtain a better approximation ratio with use of prophet inequalities, a very
interesting technique introduced in [4,12].

Theorem 8. If for all i and j, vi; € [1,L] follow independent distributions fi; and satisfy the
monotone hazard rate condition and there are no budget constraints, then a sequential posted price
mechanism achieves a 3-approximation to LP3, and a 24e?-approzimation of the revenue of the
optimum BIC mechanism under a global matroid constraint.

Proof. We first solve LP3 to get the x;; values and then decompose z;; according to Lemma 6 to
get pz-j,rjj and ¢;; values. For each bidder ¢ and each subset S of j it follows that ) " % =
> 2jes 2o Tij(r) fij(r) < rank(S) where the equality is by Lemma 6 and the inequality from the
LP constraints.

round x;;.)

Partition the graph in the same way as in the previous proof into sets T;. Recall that the sets
T, are chosen in such a way that if a set S contains no more than one element from each T, then
S is an independent set, i.e., the matroid constraints are fulfilled and that ), ZjeTv gij < 2. For



every bidder ¢ and item j set 7;; = r7; with probability p;; and set 7;; = r; + 1 with probability
L = pij.

Let ty = 32, Xy, (PP (Vi 2 1) — to)* + (1= piy) P(Vyg = 75+ 1) (1 +1— £,) ") where
()" :=a if a > 0 and 0 else. Use the following mechanism that discard the rest of the items in T,
as soon as one element from T, is allocated.

1. A=J.
2. Order the bidders arbitrarily.
3. Fort=1,2,...,n

(a) For every item j € A offer it to player i at a price 7;; but only if 7;; > t,.

(b) Ask bidder ¢ to pick the items he prefers, but with the restriction that he can only take a
single item from each set T, N A. Denote by S; the set of elements picked by bidder ¢ and
and remove from A the whole set T,, for all v such that the player picked an element from
Ty, e if T,NS; # 0.

We will first give an upper bound of 3, t, on the optimal expected revenue in terms of the
threshold ¢, we defined. Note that a + (b — a)* = max{a, b}.

OPT < me (Vij > r” rU + Z —pij) P(Vij > r’-"- + 1)(7@5 +1)

< ZZ Z pijP(Vij > r; )max{tv, T} + ZZ Z (1 = pij) P(Vij > 135 + 1) max{t,, r; + 1}

v i JET, v i jJET,
= ZZ Z pi; P(Vij =2 1} )( +ZZ Z (1=pij) P (Vi = Tfj*‘l)(tﬁ'((ﬁﬁ‘l)—tv)ﬂ
v i JETY, v i JeET,

=33 PV =) + (L= pi)) PV =l + D]te + Y
v i jel, .
_Ztvzzl}q+2tv§32tv (as 33 gy <2)

1 j€T, i jeTy

We now show that the average revenue of our algorithm is at least ), t,. We concentrate on
a single T;, and show that our algorithm expects to receive a revenue of ¢,. The first bidder whose
valuation v;; satisfies v;; > 7;; > t, for some item j is offered the item. The revenue that our
algorithm gets is then 7;.

Let H;; denote the event that “no item of T), has been picked by a bidder ¢’ < i and 7 has not
picked an item different from j of T;,” and let H,, denote the event that “no item of T, has been
picked by any bidder”. Let also R}; denote the revenue of our algorithm in T, if bidder 7 picks item
j-



Elrevenue of our mechanism in T,] = (1 — P[Hu]) -ty + Y E[(R}; —t,)" | Hij] - P[Hy)

1,j€Ty
> (1 - P[Hoo]) "ty +P[Hoo] ’ Z E[(Rf‘] - tv)+ | HZ]
1,J€Ty
> (1= P[Hx]) - to + P[Hoo] - B[ Y (R} —to)*]
i,7€Ty

= (1 _P[Hoo]) “ty

+ PlHx]- > Y (PijP(Vij > 1) (= t) T+ (L=pi) PVig > 7+ 1)(r; +1 = tvﬁ)
i JETY,
= (1= P[Hx]) - ty + P[Hoo| - ty = ty

For the first inequality note that at any step of the algorithm we have P[H; ;] > P[Hu). The

second inequality is because the valuations of different bidders and different items are independent.
Consequently the algorithm gives a 3-approximation to the objective of LP3.
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