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Fig. 1. DVR images of the carp dataset. Left: Original Cartesian (256°) dataset reconstructed using pre Itered tricubic B-splin es and
shaded using the analytic gradient. Middle: Downsampled Cartesian (128°) dataset reconstructed using pre ltered tricubic B-splin es
and shaded by interpolating the gradient obtained through a fourth-order central differencing scheme (pFIR). Right: The middle
dataset shaded using our proposed fourth-order shifted gradient estimation scheme (pFIR-s). Notice how the details in the bones
and skull are much better preserved as compared to the central-differencing scheme even though the underlying scalar interpolation
is the same. This gain in quality comes at no additional cost.

Abstract — We investigate the use of a Fourier-domain derivative error kernel to quantify the error incurred while estimating the
gradient of a function from scalar point samples on a regular lattice. We use the error kernel to show that gradient reconstruction quality
is signi cantly enhanced merely by shifting the reconstruc tion kernel to the centers of the principal lattice directions. Additionally, we
exploit the algebraic similarities between the scalar and derivative error kernels to design asymptotically optimal gradient estimation
Iters that can be factored into an in nite impulse response interpolation pre Iter and a nite impulse response direct ional derivative
Iter. This leads to a signi cant performance gain both in te rms of accuracy and computational ef ciency. The interpola tion pre Iter
provides an accurate scalar approximation and can be re-used to cheaply compute directional derivatives on-the- y wit hout the need
to store gradients. We demonstrate the impact of our lters i n the context of volume rendering of scalar data sampled on the Cartesian
and Body-Centered Cubic lattices. Our results rival those obtained from other competitive gradient estimation methods while incurring
no additional computational or storage overhead.

Index Terms —Derivative, Gradient, Reconstruction, Sampling, Lattice, Interpolation, Approximation, Frequency Error Kernel
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1 INTRODUCTION

The quality of volume rendering has been of central interest to oaf perfect reconstructioto arbitrary shift-invariant spaces. These are
community since the beginning. While in the early days, the trade-afpaces that are constructed by a single basis function and its shifts.
between quality and rendering speed was the de ning issue, today s is exactly the scenario we face in volume rendering.
focus is on the ability to quantify the truthfulness of our images using In our previous work we have pointed out that one of the crucial as-
various methods of uncertainty visualization. pects of volume rendering is the accuracy of normal computation since
One of the de ning measures of quality has been the ability to coit-will mask the appearance of a bad interpolation lter [24]. Even with
tain the error during function reconstruction. This is a broad eld o good underlying scalar interpolation Iter, image quality is very sen-
interest with many different approaches. One staple of understandsitive to the type of normal computation scheme used (Figure 1). Yet,
of this topic has been Fourier Analysis and the reasoning about batite computation of proper normals remains a very dif cult issue, as
limited reconstruction, which is based on the insights of Whittakethe performance of normal estimation in our recent work shows [20]
Nyquist-Kotelnikov-Shannon [29]. According to this theory, we needhereaverageangular errors o0 to 30 degrees were not uncom-
an in nitely supported reconstruction kernel (tsic function to be mon. Therefore, it is crucial to nd more accurate and practical ways
exact) and we can measure our error relative to that particular recafestimating the normal for rendering applications.
struction kernel. The design of so-calledigital differentiators[13, 6, 17] is usually
However, we often deal with functions that are not band-limitednotivated by the fact that the gradient only needs to be accurately
and we reconstruct them based on compact reconstruction kernels, tietermined at the sample points. In volume visualization on the other
the B-splines. To our rescue comes a theory developed by Blu amahd, to compute shadings, we need to accurately estimate derivatives
Unser [4] and Unser [35] among others, that extends the reasonagrywhere and not just at the sample points. We are faced with a
reconstruction problem where, for ef ciency reasons, we would like to
choose a compact reconstruction kernel and design a digital deeivati
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Hence, a reconstruction space for the derivative can be speci &d ind’ (x) indicates the complex conjugate g@fx). This inner product
pendent of the way the scalar function is interpolated. induces ajorm (the2-norm) on any functiorfi , which we denote as
Within the Shannon paradigm of bandlimited functions, the idegk k, . := = Hjfi.
reconstruction function was shown to be the derivative ofsihe in- he Fourier transform of a functioh(x) is de ned asf(! ) :=
terpolator [2]. However, its slow decay and the ringing artifacts it ma-é f Ty d herei = 6—1 d1 T indi .t .th
introduce prevent its practical use. Moreover, for non-bandlimited sigr® (x)exp( j! x)zx,dw ere) = an A indicates the
nals, this framework is not valid any more [35]. Thatis why practitiont@nspose of . In L*(R"), a useful property is Parseval's theo-
ers rely on convolutions with more localized kernels having compargtm [27] which states thadf k?, = ﬁkﬂ(ﬁz.
support. To mitigate the adverse effects of truncating the derivative &f d-dimensional latticeL generated by thel d matrix L =
thesinc, the idea of windowing was extended to derivative reconstrug : : : : ; 1 4] is the set of points given by := fLk : k 2 z9g[12].
tion [19, 32]. In[2], the tuning of the various parameters of a piecewisge call the column vectors, the principal directions of.. We de-
cubic derivative lter was discussed. In none of these works, there igte byL ,,, a scaled version of the lattide generated by the matrix
an analytic comparison of different Iters nor a quantitative analysig , whereh is a positive isotropic scaling parameter. We denote a
of the estimation error. S discrete sequence on lattite asf [k], wherek 2 z9. Usually, the
Once the reconstruction space for the derivative is chosen, e.gsedjuence will consist of point samples of a continuous fundtion)
spline space [33], the scheme, which determines a particular contife, f [k] = f (hLk )). Such a sequence can be used as coef cients
uous function in this space from the available point samples, hasijoa multi-dimensional Fourier series to yield the Fourier transform of
be designed. To that end,dVer et al. developed tools and derived the sequence which is given by
absolute error bounds for the spatial analysis of both interpolation and

derivative Iters of arbitrary order in [24]. More recently [20], they B )= X f[k]exp( jh! TLk)
extended the orthogonal projection (OP) paradigm [34] to the recon- k2zd 1)
struction of derivatives in given shift-invariant spaces. - 1 1b(| 27|_ Tr):

A relevant viewpoint to analyse reconstruction is offered by approx- hdjdet L razd h '

imation theory. In this perspective, we focus on the approximation or- . N .
der of the derivative reconstruction schemes, that governs how-the\ghere the latter equallty. represents the sampllng induced aliasing of
ror behaves asymptotically. To fully exploit the approximation powefe spectrumpTon the reciprocal (or dual) lattice generated by the ma-
of a given reconstruction space, it is required to pre Iter the data [35]ix (2 =h )L " [23]. We denote the reciprocal lattice lag. To indi-

The interest of pre Itering for the visualization community has beef@te continuous and discrete Fourier transform pairs, we use the nota-
recognized [9, 18], but has not been transposed to derivatiemrections$ and$ respectively, e.of (x) $ 1’0(! ) andf [K] $ lb(! ).
struction so far. A notable exception is the recent work ofl€alvi

et al. [10] in which they propose FIR derivative pre Iters designed.1  Shift-Invariant Approximation Spaces

8 fully ?Xplt.o't thetﬁpproxmatl_on fgweHr of the recogstructt:‘on SPaC%he goal of function reconstruction is to faithfully approximate a func-
our motivation IS the same as in [10]. OWEver, we depart Irom eXI§i,, from its discrete measurements on a lattige This is usually

ing approaches to design IIR pre lters with speci ¢ properties, e'theéchieved by convolving the discrete measurements with a scaled ver-

v_vithin the OP frameworl_< or by designing combination'_s of i“tefp"!%'ion of a continuous reconstruction kerndlx ). This process can be
tion pre lters and nite differences. Our methodology is generic, i ritten as

the sense that it can be deployed on arbitrary lattices. It is now a wide- X ]

spread result that the Body Centered Cubic (BCC) lattice outperforms Fx) fapp(x) = ck] nk(X); O]

the Cartesian Cubic (CC) lattice for visualization tasks [22, 15, 26, 31]. . ) ] )
Hence, the main contribution of this work is the demonstration thakhere n«(x) = (§ Lk isascaled and shifted version ofx)

when reconstructing the gradient continuously in appropriate shifind the sequenazrepresents discrete linear measurementsatfthe
invariant spaces with speci c pre Iters, we can obtain normals whodattice sites — not necessarily the ideal point samplds dfhowever,
accuracy goes beyond previously known limits. This quality comés'S obtained by point-samplinfy then the reconstruction kernelis
without increase in the computational burden. Even more, the effofically chosen such théit,, exactly interpolates the sample values.
for obtaining a good normal estimation provide a good function ré&urthermore, wheh is bandlimited, then exact reconstruction is pos-
construction for no additional cost. Incidentally, we break the congible if and only if (x) is chosen to be thsinus cardinalisfunction
mon belief that the best gradient is obtained by computing the analyi¢sociated with » [27]. This method however is not practical because

partial derivatives of the reconstructed function. of the in nite support of the sinus cardinalis function. Moreover, when
the basics of reconstruction in shift-invariant box-spline spaces. Wore desirable to seek an approximation that attempts to minimize the

Section3, we depart from previous works by shifting the reconstrud-~ €orkf — fappk, 2. _ _ _
tion spaces between lattice sites, along the principal directions of theTowards this end, it is useful to introduce the notion of an approxi-
lattice, following an idea originally developed in [3]. We adapt thénation space spanned by a basis formed by the functignswhere
Hilbert space framework based on orthogonal projection (OP) pris-2 Z°. We denote this space as

posed in [20] to this shifted setting. In Sectidnwe propose a new n X o
methodology, which combines the optimal approximation capabilitiesV(Lp; )= fapp(Xx) = ok] nk(x):ck]212(2% : (3)
of the OP framework with much lower computation cost and memory K2 zd

requirement. For this, we make use of the recently developed error

kernel [7], which allows to accurately quantify the error between thé&/ith some additional constraints on the reconstruction function),
reconstructed gradient and its true underlying counterpart. We defaitan be shown thaw(Lp; ) L2(RY) [4] and anyfay, 2

the methodology in Sectidhwith the design of practical schemes forv(Ly; ) has a unique representation in terms of a nite-energy co-
the3D Cartesian and BCC lattices. Fina”y, Sectiis devoted to the ef cient sequencec. Given a functionf 2 LZ(Rd)’ the minimum

experimental illustration of the proposed approaches. error approximation of in V(Ln; ) in the least-squares sense is
obtained by orthogonally projectiniy onto V(Ly; ) [35]. This is

2 PRELIMINARIES accomplished by taking inner productsfofvith functions that are bi-

Unless otherwise stated, all functions are assumed to be of the fd?Rthogonal duals of ;. Let (x) denote the bi-orthogonal dual of

f : RY I C that belong to the Hilbert space?(R%). We  (x) that satis es the conditiom (x Lk)j (x LI)i = i,

denote thg inner product between two such functibnand g as where is the multi-dimensional Kronecker delta function. The dual
Hjgi == L F(X)F°(X)dx, wherex = (X1;:::;Xq) 2 RY and function has the following Fourier domain representation obtained



by solving the bi-orthogonality constraint in the Fourier domain [35].

by = ;(é!)); where R (1) $ a [K] 4)
and the sequence [Kk] is obtained by sampling the auto-correlation
function of at the lattice sites, i.e.

a kl:=(  )(X) s ®)
where (x) := ( x) and indicates the continuous convolu-

tion operation. A scaled and translated version ofields the bi-
orthogonal dual of nk,i.e. n(x):=h ¢ (X Lk). The mini-
mum error orthogonal projection can now be written as

X
Pury: hf (X):= c[K] n;k(x); whereclk] = Hj n«i: (6)
K

The quality of the minimum error approximation provided byFig- 2. Anillustration of the two-stage OP framework.
V(Lp; ) can be characterized by using the results of Strang and

Fix [30]. In particular, we say that the spavéLy; ) provides an ] ] ) ) ]
n-th order approximation of if kf Poi.: of k.. = O(h") andthenshow how to improve it by using a shifted reconstruction ker-
hi . . .
ash | 0. This is true if and only if the reconstruction function "€l in the target approximation space. .
satis es In the rst stage, the sampled sequeridk] is used to generate an
approximationf{x) that lies in the spac¥(Ln; ). This is accom-

boyso andb(t 2 L Tk)= O(! j") fork 2 Z'nfOg: (7) plished by applying a digital pre lter t6 [k] as follows.

. . "y . . X
If  satis es this condition, we term it an-th order reconstruction .
- ! fx) = f k] hk(X); 1
function. %) k p K] n(x) (10)
2.2 Box Splines where now denotes a discrete convolution operation and the pre Iter

The box splines are very useful reconstruction functions that are wilis given in the Fourier domain by

suited for designing approximation spaces on arbitrary sampling lat- 1

tices. They satisfy the Strang-Fix relations (7) and have attractiveplk]$ B(! )= = where®( )$ qk]= (Lk): (11)
mathematical properties similar to the B-splines. For a thorough ex- Q(! )

position of box splines, we refer the reader to de Betaal. [11].

. . A . . This pre lter ensures thdt(x ) exactly interpolates the sample values
Associated with a box spline iR® is ad n (n d) matrix P drtx) y P P '

i.e. f{hLk ) = f[k]. If the reconstruction kernel is an interpolating

this box spline adl  (x). It is obtained by successively convolvingone, ther(! ) = 1 and the pre ltering step is not necessary.
line segments along the direction vectors contained.ifhe simplest In the second stag@f(x), the partial derivative of {x) with re-

tion vectors and is the indicator function of the parallelepiped formggtojected onto a target approximation sp&é.n;" ) where the re-
by these direction vectors. Successive directional convolutions are denstruction kernel i (x). This is also achieved by applying a dig-

ned inductively as ital Iter to the sequence obtained after the rst stage. The resulting
Z, functionf7(x) is given by
M . (x):= M (x t)dt (8) -~ X ,
L 0 f(x)= Py .,@ (x)= Lf p d [KI'ne(x); (12)

The box splines have a simple Fourier domain representation given by K

where the digital derivative lter is given by

Y 1 i T
()= 1oexpt] 1), 9) dilk]:= h@ j' «i: (13)

T
j!
2
. . . - For derivation details, we refer the reader to [20].
The supportoM  consists of all the points contained within the poly- ha familiar Shannon paradigm is also encapsulated in this frame-

tope formed by taking the Minkowski sum of the direcgon vectors iy - n particular, for bandlimited functions, = sinc. , the sinus
. This implies thatM is centered at the poit := 2

e ) ~ 2 - cardinalis function associated with The pre ltering step is unneces-
The smoothness dil and the approximation order it provides aresary sincesing, is interpolating. Exact derivative reconstruction can
readily obtained by inspecting the columns of11]. be achieved by choosing the target space generatorbesinc. as
3 GRADIENT APPROXIMATION well since the derivative of a bandlimited function is also bandlimited.
For practicality reasons however, this method is rarely used and other
3.1 A Two-Stage Orthogonal Projection Framework choices are made for the generatorand' . It is desirable to choose

In visualization and other related disciplines, the discrete measuf@mpactly supported generators that attempt to minimizé therror
ment procedure is usually assumed to be ideal in which case the d¢egiween the true gradient and its approximation; and that simplify the
of gradient approximation is to reconstruct from the point sampl@yaluation of the inner product (13).

f[k] = f(hLk) that lie on the latticd_n, an approximation of the . .
gradientr f (x). Previously, we have developed a two-stage gradieﬁt2 Shifted Reconstruction Kemnel

approximation procedure that rst seeks an approximatioh(af) in ~ The overall quality of the gradient approximation scheme (12) is gov-
an auxiliary approximation space and then orthogonally projects esgjfied by the approximation properties of the spa¢@sn; ) and
component of the gradient of the approximation onto a target approktLn;" ). In our previous work [20], we considered the case where
imation space [20]. A schematic illustrating this procedure is shovall the rst-stage derivative@f~in the axis aligned directions are or-
in Figure 2. We brie y summarize this approximation technique herénogonally projected to the same target spe¢ken ;' ) generated by



a single reconstruction function. The target space is chosen so tha
it ful lls the regularity and accuracy demands of the application. Witt™
the target space xed, the rst-stage auxiliary space should be ch
sen to have a higher approximation order so that the gradient of t
rst-stage approximatiom f{(x) is close to the true gradientf (x).
Using the same space to approximate the function as well as t
gradient componenents is an attractive design choice from a co
putational point of view since the same scalar interpolation routine
can be reused to interpolate the gradient as well. In general ho N ;
ever, other choices are possible both in terms of the directions 0..& : : 0 ' ? : e <
chooses to compute derivatives along, as well as the target space (@) (b)
in which each directional derivative is approximated. Towards this
end, let@, f~denote the directional derivative~ ¢; and let' i(x) Fig. 3. (a) 1D illustration of the shifted derivative estimation scheme.

. : i Instead of using a centered kernel, e.g. a cubic B-spline 3(x) (solid), to
be the reconstruction function of the target spafé.n;" ') onto reconstruct the derivative, we propose to use the shifted version 3(x

which @, ™ is projec.ted.. Our goal is to choose eqch.target SPagd§ (dashed). (b) Box splines on the hexagonal lattice are generated by
V(Ln;' ") such that it minimizes the orthogonal projectibf error  three direction vectors (indicated as arrows). The support of a fourth-
k@ f~ P N @, f~ k_2. Note that with this modi cation, the order box spline is a hexagon formed by the second-nearest neighbors.

ideal Vi hh ield . He is ch h The directional derivative of this box spline along a convolution direction
ideal scenario that yields zero error, i.e. wherfx) is chosen suc is a linear combination of two lower-order box splines that are shifted

that@, f~2 V(Ln;' '), can be easily incorporated in the frameworkalong the convolution direction as illustrated.
thus yielding the exact directional derivati@, f~ of the rst stage
approximatiorf™. . . . .
The prospect of nding separate reconstruction spasésn;’ ') where n is t_he matrix obt_alned by removing one occurrence of
is an ambitious one and may not be practically all that advantaged(@" - The directional derivative is therefore obtained by the back-
as it would require each component of the gradient to be reconstructfd difference optwo Iowgr-order box splines. If the box spline
with a different reconstruction functior! (x ). However, if we choose IS Symmetric (ie.. , = 0), then the lower-order box spline
reconstruction functions from the same family for both the rst anéhus obtained is shifted in the directionas illustrated in Figure 3b
second stages, we may be able to exploit the derivative relationshiéthe hexagonal lattice i@D. Thus, when working with symmet-
that exist between the two functions. In that case, the problem of néic box splines, we argue that we can obtain a better approximation
ing separate functions'(x) can be reduced to nding appropriate Scheme if instead of approximating a partial derivative in an axis-
shifts of a symmetric reconstruction functibigx ). aligned direction using symmetric box splines, we approximate direc-
The above idea is best explained with an example where we usg%lal derivatives USing the same box Spline shifted along the direction
tensor-product B-spline consisting ofth degreelD B-splines as the Of the derivative. _ . o
rst stage reconstruction function ondadimensignal Cartesian lattice We formalize this notion in the following section by quantitatively
| = z%. Let us denote this function & (x) = ?:1 » (xi), where analyz(;ngt theL errotr |ntqurr$d at_s a rﬁsult_ ofﬁchoosmg”a t$hn:ted
n () is a1D centered B-spline of degree The rst stage approxi- fsecon b'sﬁg‘? rﬁcons ruc(:j_lon unction. Rereinatter, we Cﬁ ec |\r/]ey re |
mationfT(x) lies in the spac¥(l ; bn). The centered B-splines exhibit er to both of these gradient estimation strategies as the orthogona

the following derivative property [36]. projection (OP) framework.
d . _ L N 4 FOURIER-DOMAIN ERROR QUANTIFICATION
o = nax+z) e a(x ) (14) 41 scalar and Derivative Error Kernels
In order to quantitatively assess the error behavior of the OP deriva-

. . . . — i
Using ,tri"S pr_operty_, itis straightforward to show “@1 2 V(l N ). tive approximation framework, we propose to use the result of Blu
yvhere .(x) |s.the. ideal Sfecopd-stage reconstruction function for théand Unser [4] who have devised a way to quantify teerror of a
i-th partial derivative and is given by shift-invariant approximation technique in terms of a frequency do-
' i(X) = o1 %) Y N (X)): (15) _main error kernell.l If ai-dimension_al func@iori (x) is approximated
in the space/(Ln;" ) by rst applying a discrete pre ltep[ ] to the
point samples and then reconstructing with the functi¢x) to yield

Instead of the ideal functioris' (x), let us choose the second-stagdhe @pproximatiofiiapp, then an estimate of tHe” errorkf  f appk, 2

j6i

reconstruction functions to l{(e is given by .
H L
B (X) = m(Xi %)»6. m(Xj)= bn(x 3&); (16) () = (21)d b)) 2E(h! il a8)
161 d

wherem n and & represents the unit vector in theth Carte- whereE (! ) is a Fourier-domain error kernel de ned as
sian direction. Thusk, (x) is merely a shifted version of the cen- PN )
tered functionh, (x) (Figure 3a). With this choice, we conjecture E(l):=1 LG () By ) (19)
that we obtain a better approximation scheme as compared to our pre- A ") {7

vious scheme [20] that uses the same symmetric fundtiofx) to | —{z—} )
approximate all the gradient components. The shifts ensure that the Emin(! )
reconstruction functions remain close to the ideal. Additionally, théjhe termEnin(! ) measures the minimum error incurred as a result of
are easy to incorporate into existing interpolation routines as they dhe orthogonal projection (6) ariles(! ) measures any additional er-
cheaply computed from the same symmetric functiarix) simply rorincurred as a result of deviating from the orthogonal projection. In
by shifting the point at which interpolation is to be perfomed b% particular,Ees(! ) characterizes the error behaviour of various inter-

S

E fES(l )

in the direction of the derivative. polative and quasi-interpolative approximation schemes by comparing
The box splineM (x) also exhibits an analogous derivative relathe frequency response of the pre Iteto that of the dual .

tionship [11]. If 2 , then the directional derivativ@M is given Condatet al. [7] have recently extended this result to the Fourier-

by domain error quanti cation of one-dimensional derivatives of any or

@M (xX)=M , (x) M, (x ); (17) der. Their result can be easily applied to arbitrary sampling lattices



scalar reconstruction

in higher dimensions to yield the following Fourier-domain derivative ) K] [ onl)
error kernel, M " -
sampling orlL pre lter dir. der. lter reconstruction
() ’
B¢ = Enn()+ R (1) S DT 2 @0)
| {z }
Eles(! )

gradient estimation

Here,l is a principal direction of the lattice and® $ dis a discrete
Iter that is to be applied to the samples bfto yield the directional

derivative approximation, Fig. 4. Overview of the gradient estimation pipeline in R3. The sampled

| 1 data is pre Itered once and can be used for both scalar interp olation as
@f (x) fapp(x) = ﬁ(f K] hk(X): (21) well as gradient estimation. We use the derivative lters di;d, and d3 in
k2 zd the OP framework while r1;r> and rz are FIR lters used for on-the-y
derivative estimation.

The overallL? errork@f f;ppkL 2 can be predicted according to

S 1 p 2 By expressing the dual(x) in terms of a linear combination of the
h) := )ilTr TENY(R ! 22)  primal functions' 1k (x), we can write this as
= ) (ht) (22) '
difk]=( i a k]
The derivative error kernel (20) has an algebraic form that is sieny- where, i[k]= @( ") (X) o\, = (26)
lar to the scalar error kernel (19). Itis also bounded belo hy (! ) i
which suggests that the derivative approximation error can never be and, a ‘[k] $ 1=A (1):

lower than the minimum scalar orthogonal projection error. The term ) o o ] )
Eles(! ) can be interpreted as rst undoing the directional derivativdhe combined OP directional derivative [té&; that is to be applied
operation performed by the Ited effectively yielding an approxima- t0 the point samples df (cf. (12)) is then given by
tion of the original functiorf , and then measuring the deviation from P diK]exp( j! LK)
the orthogonal projection. Dik]:=(p d)k] $ @i(! y= p«° p J..

Since we are dealing with point samples, the minimum error ap- 5 « (Lk)exp( j! TLk)
proximation scenario is not realizable. However, for functions that ) iT
have most of their spectral power contained in the vicinity of 0, oL @ (¢ opt nexpC 1) (27)
r

we can still achieve a similar asymptotic error behavior if the ider = B (1 P b1
is chosen appropriately. If is ann-th order reconstruction function, () (
then the minimum error kernel satis &nmin(! ) = O(j! j*"). Thus, From this, by using the Strang-Fix criteria (7) forand' , it can be
in order to ensure theft;pp provides am-th order approximation of deduced thatif the approximation order of is at leastn, then the
@f , we require thatl(! ) = Oj! J-2n) [4, 7]. In other words, the resu_ltant Iter D; satis es (_23) anq pro_vides_ am-th order approxi_—
derivative lter d should be chosen so that the approximation schenf@ation of@ f when used in conjunction with'. Furthermore, this

matches the orthogonal projection as closely as possible. This béf§ult holds true irrespective of the second-stage shift. _
down to requiring that Thus, in order to guarantee anth order approximation of the di-
rectional derivative, we demand thatand' be the sam@&-th order

@(! ) _ b . ) reconstruction functions. In this case, the rst-stage pre lbealso
U (! )+ O(j'j"); orequivalently, g Servesasan interpolation pre Iter for a scalar approximation that lies
J 23) jn V(L;" ). Since all the directional derivative lteid havepin com-
Bey=j1m P )+ o j"): mon, it only has to be applied once and the resulting data can be used
for both scalar interpolation as well as gradient estimation as illus-
4.2 Assessment of the two-stage OP framework trated in Figure 4. Higher quality schemes can be obtained by choos-

in such that it has an approximation order strictly greater than

We restrict attention to the case where derivatives are taken along ever, we don't discuss such schemes in this paper.

principal lattice directions only. For a symmetric rst-stage recon-
struction function of the B-spline or box spline type, the directional4.3 A Strategy for Designing Practical Filters
derivative@ in the lattice directiorl; (i 2 f 1,2;:::;dg) is giVen  gyen though the derivative Iters that the OP framework yields are
by the backward difference oftv\I/p lower-order spline functions th&t ah sy mntotically optimal, they are not advantageous from a practical
centered about the pointg:- and;- respectively. We therefore choosepint of view since they have an in nite impulse response (IIR) and
the second-stage reconstruction function td bgx) := ' (x '7‘) need to be applied in a preprocessing step resulting in signi cant stor-
where' is ann-th order function of the spline variety that is sym-age overhead. The problem of designing derivative lters can be an-
metric about the origin. We then orthogonally project the directionalyzed entirely using the derivative error kernel without resorting to
derivative of the rst-stage approximation onto the sp¥¢&n;' ').  a rst-stage auxiliary approximation space. Here, we explore such
It is straightforward to verify that the shift carries over to the dualg strategy that exploits the similarities between the scalar error ker-

ie. nel (19) and the derivative error kernel (20) to produce sepruritdrs
el that are practically more advantageous.
"Hx) =t (x s by = bt ) exp( L1iT1): (24) In order for a directional derivative lteD; to be asymptotically
) ) optimal, it must satisfy the optimality criterion (23). This is tanta-

mount to requiring that the Taylor-series expansion of the frequency
Consequently, the digital derivative Iter (13), now takes the form  regponsd; (I ) match that of the ideal analysis functiph™! ©7 (1)
0 — upto ordem + 1 wheren is the desired approximation order. Addi-
dkl=h@ | «i= @( N %) ok (25) tionally, it is practically desirable thdd; be factorable according to

@C ") () oikrr =2 dikl=(p r)kl$ B¢ )= BO )R (1), wherer; depends on



15 - - and the derivative is then projected to a second-stage centered cu-
- Epin-cubic / N bic B-spline { (x) = 3(x)) and a shifted cubic B-spliné (x) =
- — - Emn-Quadratic | \ 3(X %)) yielding the Iters CC andCC-srespectively.
- - cc / N For the practical scenario, the FIR derivative lIter is obtained by
——CCs / N equating Taylor coef cients upto and including terms of ordeas
Si:i-s // o ST TS~ explained in Section 5.1.2. The case without the shift is terpfed&
1T L panalyTic oEeEm T T =" while the one with the shift is termegFIR-s wherep refers to the
! scalar pre lter.
As shown in Figure 5, using a shifted reconstruction function leads
to better error behavior across the board. The error kernel for he O
Iter CC-sclosely follows the minimum error kernel for the cubic B-
spline whileCC departs signi cantly around =  suggesting that
the use of this Iter would lead to corruption of high frequency con-
tent. Using a shifted reconstruction function has a more dramatic im-
pact on the FIR lIters as can be clearly seen from the corresponding
error kernels. In comparison p¥FIR, pFIR-svastly improves the error
response making it comparable to the OP I@€-s
Finally, we show that simply computing the analytic derivative of
N 2 the scalar approximation is not the best possible choice. The error
! kernel for this scheme departs from the minimum sooner as compared
to the OP schemes. This should not come as a surprise since the re-
Fig. 5. The derivative error kernel for various derivative reconstruction ~ construction quality is constrained by the approximation order of the
schemes designed for the cubic B-spline. guadratic B-spline which is one order lower as suggested by the cor-
responding minimum error kernel in Figure 5.

Derivative Error Kernel

05

Bl

the direction of the derivative whilghas no such dependence and caft 42 Gradient Recon.strucnon _
be applied once in a preprocessing stage for all the directions in a m&e-far, we have only discussed how to accurately reconstruct direc-
ner akin to the OP framework (Figure 4). With these design criteritipnal derivatives. The problem of combining the different directional

equation (23) can be written as derivatives to estimate the function gradient deserves some attention.
The column vectors of the generating matrixf latticeL de ne a ba-
B )= BOHRC )= BTHjIT + o) ") sis forR? that is not necessarily orthogonal. The gradient of a function
- bp T LT ey (28) is coordinate-system independent and can be conveniently expressed
= P() Jhtexp(zlitt) +OGHTT): in a dual (contravariant) basis according to
o . . . _ - X 4 _
Now, it is obvious that ifp satis est(! ) = b(! )+ O(!j") and rf(x)= L @f)(x)1'; (29)

ri satisesR(! )= jIi™! exp(5;Tt )+ O(! j"*"), then the com-
bined lIter d; satis es (28) as well as the optimality criterion (23).
The directional dependence due to the derivative and the shift are ¢
pletely re ected in the response of the derivative Itar making the
Iter p directionally independent.

An inspection of the scalar residue teBns(! ) in (19) reveals that
if we use the symmetric functioh to reconstructap, thenp also 5 £y beRIMENTAL VALIDATION

provides an asymptotically optimatth order approximation df, i.e. ] ) ) )
B(1)= b0 )+ O |") or equivalentlyEres(! ) = O(j! j2"). An In order to validate our proposed shifted schemes, we consider sariou
interpolation pre Iter that attempts to exactly interpolate the samp st o_rder grqdlent estimation I.ters to b.e usedin conjunction W'th.th.e
values (given by (11) with = ' ) satis es this condition [4]. Such a rlcublc_B-spllne on the Cartesian Cubic (C_C) lattice an_d the quintic
ox spline [16] on the Body-Centered Cubic (BCC) lattice. Both of

pre lter is u§u.ally.em'ployed gnyvyay o approxmaFe the scalar fun hese reconstruction functions are known to have an approximation
tion. Combining it with a derivative lter; that satis esli?i(! ) = order of4 [16].

jliTt exp(LliT )+ O(jt j"**) will therefore guarantee am-th or-
der approximation. Higher quality quasi-interpolation pre Iters ar@.1 Tricubic B-Spline on CC

also possible [8-] anq are a topic of future research. . The CC latticeC = Z2 is generated by the matridag(1; 1;1). Due
As for the directional component, observe that the substitu-, "~ = A ) :
tion!®= I;™! converts the multi-dimensional Taylor expansion of° 'S '”h?rer;t separablllté/,dl_t IS cus:oma]rj%/)to geﬁlgn conuguaus re-
T LTy i - : construction functions and discrete lters 1D and then extend them
the term jI; ' exp(3li"t) into a one-dimensional expansion Ofto higher dimensions via a simple tensor product. Consequently, the

j! “exp (5! 9 in the variable! °. Therefore, it suf ces to design |ers can be applied in a separable way.
derivative lters in1D and then extend them to higher dimensions by

simply applying the Iter along the lattice directidn. Thisisan at- 51.1 OP Derivative Filters
tractive solution for our design goals as we are interested in keepi\?\%
the impulse response of as short as possible so that it can be em-
ployed on the y. The resulting overall ltering pipeline is the same a&
that obtained through the OP framework as shown in Figure 4.

where the dual vectol$ are column vectors of the matrix T [37].
®Hus, if the directional derivatives in the principal lattice directions
are approximately known, they can be easily combined to yield an
approximation of the function gradient.

consider 8D extension of theD case presented in Section 4.4.1
nd choose the rst-stage function to be the centered tricubic B-spline
(x) = bs(x) = 3(x) 3(y) 3(2). .

CC: For the unshifted case, the second stage functiofs) are
4.4 Discussion all taken to bex(x) and the components of the gradient in the three
- principal directions ofC (i.e. the canonical basis) are orthogonally
4.4.1  Error Behavior in 1D projected toV (G, ; bs). This case has already been considered in our
We illustrate the error behavior of the two scenarios considered abgrevious work [20]. The resulting Iters are completely separable and
with a 1D example where the centered reconstruction function is choan be obtained by a tensor productl®f lters. The rst-stage pre-
sen to be a-th order cubic B-spline 3(x). For the OP scenario, lter is given by the samples of 3(x), the auto-correlation sequence
the rst-stage is also taken to be the cubic B-splingdX) = 3(x)) is obtained by sampling7(x) while the derivative lter ; is given



by the samples ow(x) in the direction of the derivative and by the5.2.1  OP Derivative Filters

samples of 7(x) inthe other directions. Like the CC lattice, we consider two different cases. For both cases,
CC-s We introduce a shift in the second stage and choose g st-stage function is the quintic box spline, i.e(x) =M 2 (x).

reconstruction functions to be'(x) = bs(x) (cf. (16)). The gra- o The partial derivatives dfl 2 (x) in the canonical directions

dient component in the directio is then orthogonally prOJ_ected & are orthogonally projected to the same target spa@n; M ).

to V(Gy;by). The rst-stage pre lter and the auto-correlation se—rhjs case has also been explored in our previous work [20]. The con-

quence are the same as the unshifted @SeUsing (26), we See gy ent Iters are non-separable. In particular, the rst-stage pre lter

that the derivative lter ; is separable and is given by the samples q given by the samples dil - (x) at the lattice sites oB while

S (x+ 3) inthe directions and by the samples of(x) in the other  the auto-correlation sequence is obtained by sampling the box-spline

directions. ] ) M 4(x). Finally, the derivative lter ; is obtained by sampling the
Since these are IR lters, they are ef ciently applied to the samplegartial derivative@M 4(x) at the lattice sites. We refer the reader

data in the Fourier domain via a tensor product extension of the Fas{20] for details.

Fourier Transform (FFT). The resultis stored in a gradient compbne  QQ-s For the shifted case, we take the second stage function

volume which is later used during rendering for the purpose of gradiggt pe (x) = M'(x) = M 2(x %bi) and orthogonally

reconstruction. project the rst stage derivative in the directién to the target space
o ) V(Bn;M',). The rst-stage pre lter and the auto-correlation se-

5.1.2 FIR Derivative Filters guence are unaffected by the shift and are the sar@€a%he weights

For these schemes, the sampled data is rst pre Itered using an intéf-the directional derivative lIter ;[k] are obtained by evaluating

polation pre Iter. This is also done in a preprocessing step using tf8 M 4(x) at the sitesx = Bk + 7bi (evaluation code is pro-

FFT and the resulting Itered data is used for all subsequent opeided as supplementary material). The three approximated directional

tions. Coef cients needed for reconstructing a partial derivative afterivatives are combined according to (29) to yield an estimate of the

computed on the y using 4D FIR lter that is aligned in the direc- 9radient. )

tion of the derivative. Like the CC case, these IIR lters are also applied to the sam-
pFIR: For this case, the centered functiby(x) is used to recon- pled data in a preprocessing step using the Fast BCC Discrete Fourier

struct gradient components. We choose an antisymmitirideriva- ~ 1ransform (BCC-FFT) [1].

tive lter with weights[b;a;0; a; b]. The criterion to satisfy is 522 FIR Derivative Filters

2j (asin(! )+ bsin(2! )) = jI + O( ®): (30) This pipeline proceeds in a manner akin to the CC case above. The
sampled data is rst pre ltered for use with the quintic box spline.
Expanding both sides and equating coef cients, the solution is fourfdnis is implemented in a preprocessing step using the BCC-FFT. The
to bea = 2=3andb = 1=12. This is the same as odrcd lter  pre Itered data is then used to evaluate derivatives on the y. We dis-
developed using a spatial domain Taylor-series framework [20].  tinguish between three lter types.
pFIR-s: This is analogous to the ca€C-sin the sense that the P-OPT26: We use our previously derived error optinZ weight
shifted functionb;(x) is used to reconstruct the partial derivativelter [20] to compute derivatives in the canonical directions. The com-
in the direction& . Let us take the unknown lIter weights to be ponents are all reconstructed with the centered quintic box spline.
[I2;11; c;r1;r2] The criterion to satisfy is P-FIR: We apply the4 weight central differencing lIter (cf. (30))
‘ to the pre ltered data along the principal directibnand use the cen-
2j! j! 3j! N | 5y- tered quintic box spline to reconstruct the directional derivative. The
cre (rz+ e +1he? +1e” )= jle!2+0(7): (31) different directions are combined using (29) to recover the gradient.

Equating Taylor coefcients on both sides leads to the solution P-FIR-s: We apply the4 weight shifted FIR lter derived above
L0 21.0) (ct. (31)) to the pre Itered data along the principal directidnsand
For the shifted schemgsFIR-sand CC-s we need to reconstruct Use the corresponding shifted quintic box spiMé »(x) to recon-

thei-th partial derivative with the shifted functid(x ). Reconstruct- Struct the directional derivative. Analogous to the CC shifted recon-

ing at the poink in the shifted basis is equivalent to reconstructing dttruction schemes, instead of reconstructing the directional derivative
the pointy = x  &=2in the centered basis. Therefore, we simpl@tX, we reconstruct it at the translated pojne x  bi=2 using the
translate the point of interest by& =2 and use the code that imple- feconstruction code for the centered quintic box-spline.

ments the centered interpolation scheme. Alternatively, this can alés,o

be regarded as a shift of the underlying gridéy2. RESULTS AND DISCUSSION

In order to assess the impact of our Iters on volume visualization, we
5.2 Quintic Box Spline on BCC rendgred isqsurface images of the synthetip Marschngr-Lobb (ML).te
The BCC lattice is generated by the symmetric matrix function rst introduced in [21]. This function has a simple analytic
) formulation which can be used for the purpose of quantitative compar-
h o, i isons. We used the parameters given in [21] and sampled the function
B =[bib2bs]= 11 1: (32)  on CC and BCC grids of equivalent resolutions. To effectively discern
the effect of a gradient estimation scheme, we used the analytic form to

It consists of those points iB® whose coordinates have the same pafeconstruct the isosurface but used the sampled data to reconséruct th

ity. The BCC box splines introduced by Entezatial. are a family ~gradients according to the different schemes presented in Section 5.

of even order symmetric reconstruction functions [16]. The simplest Figure 6 shows the renditions obtained using the various schemes

BCC box spline is th@-nd order linear box splin® (x) generated Wwhile Figure 7 illustrates the distributions of the gradient errors on the

by the matrix . visible isosurface.
hoyoy i CC vs BCCThe BCC lattice incurs less errors as compared to CC.
= 1111 (33) Itis known to be an optimal sampling lattice and produces better scalar

reconstructions [31, 16]. It is therefore not surprising that this bene
Convolving this box spline with itself effectively doubles each direcearries over to gradient reconstruction as well. Furthermore, BCC also

tion in , yielding the4-th order quintic box splineM 2(x) :=  seems to be more sensitive to lter combinations as can be seen by the
M . j(x) . Using (33) and the box spline derivative relationship (17)vider separation between the angular distribution curves.
itis easy to check that the directional derivativévbf 2 (x) in the prin- OP vs Practical The OP schemes perform better than the FIR

cipal directionb; is given by a linear combination of two lower-orderschemes both in terms of angles and magnitudes. This further cor-
box splines that are centered agbi . roborates our analysis in Section 4.4.1 (see also Figure 5) where we



(a) pANALYTIC, 12:46 , 1:05 (b) CC, 9:22 , 1:11 (c) CC-s, 10:21 , 0:92

(f) P-ANALYTIC, 10:05 ,0:94  (g) QQ, 6:91 , 0:91 (h) QQ-s, 7:43 ,0:76 (i) P-OPT26,18:10 ,1:96 (j) P-FIR-s, 8:7 , 1:03

Fig. 6. The 0:5 isosurface of the ML function shaded using different gradient estimation schemes; top row, CC, and bottom row, BCC. The analytic
function was used to reconstruct the isosurface while sampled data (CC: 41 41 41,BCC:32 32 64) were used for gradient estimation. For
comparison, the left half of each image shows the truth. The mean angular error and the mean length of the error vector are indicated. The terms
PANALYTIC and P-ANALYTIC refer to computing the analytic gradient of the scalar approximation.

PANALYTIC

(a) Angular error in degrees (b) Length of the error vector

Fig. 7. Distribution of the errors for the images shown in Figure 6. (a) pFIR ’ - (b) pFIR-s

Fig. 8. An isosurface (isovalue = 1000) of the high resolution (5123)
aneurysm CC dataset reconstructed using pre ltered tricub ic B-spline
Qnterpolation.

have shown that the OP lIters yield lower error kernels.

Shiftvs. Centeredlhe shifted OP lIters incur much less magnitud
errors as predicted by the derivative error kernel. However,rsdrp
ingly, this trend seems to be reversed when we consider the angular
error distributions. On the other hand, for the FIR lters, the shiftthe centered and shifted FIR schemes are remarkpBI&-sclearly
have a clear advantage. The IltepFIR-sandP-FIR-slead to lower reveals details that are smoothed out by the centered sgbieiRe
angular and magnitude errors as compared to their centered countei/e downsampled this dataset on equivalent CC and BCC grids
partspFIR andP-OPT26. and reconstructed the same isosurface using the gradient estimation

Orthogonal vs. Oblique We observed strong directional artifactsschemes outlined in Section 5. In order to ensure that we remain in
with the directional lter P-FIR which suggests that for an obliquethe low-pass regime, appropriate anti-aliasing lters were applied in
central differencing scheme, the non-orthogonality of the basis hasha Fourier domain (using the FFT) before downsampling. To create a
major impact. However, the introduction of an oblique sh#ftKIR- BCC volume downsampled by a factordfwe Itered the CC dataset
s), not only cures these artifacts, but also leads to a more accurbyezeroing out the spectrum outside a rhombic dodecahedron that is
scheme without any additional computational burden. In comparisdahe Voronoi cell of the dual FCC lattice. The resulting CC volume was
the orthogonal schenfeOPT26 is more expensive and less accuratethen simply subsampled on a BCC lattice. An equivalent CC volume

Analytic vs. FIRFor the most part, the analytic derivative performsvas created by discarding the spectrum outside the rectangular region
well, specially in comparison to the centered, orthogonal FIR schemasresonding to the Voronoi cell of the downsampled CC volume. The
pFIRandP-OPT26. Undoubtedly, the IIR OP schemes are better, an@ésulting images are shown in Figure 9. It should be stressed that the
even more so when the crucial aspect is the orientation of the graditderlying isosurface for each lattice type is the same, since the same
ent. With the introduction of a shift, the FIR schemes become almgst Itered reconstruction scheme is used to nd the isosurface.
as good as the analytical gradient in terms of the gradient magnitudeThe visual differences between the various CC renditions are sub-
They seem to have an advantage in terms of the orientation of the gfa- Nevertheless, one can observe that the OP scl@thdoes a
dient. However, this is rather fortuitous since the criterion optimizegletter job at preserving the high frequency details as compared to the
by the error kernel is the magnitude and not the orientation. FIR schemepFIR which has the greatest smoothing effect. With an

In order to investigate the effect of the shifted schemes, we expértroduction of a shift, the FIR schenp&IR-srecovers the lost details
imented with an aneurysm dataset obtained through an angiograpimg is visually comparable to the shifted OP sch&f®es In contrast
scan. Isosurface renditions of the original high resolution CC datasetthe CC lattice, the BCC lattice provides a better scalar reconstruc-
are shown in Figure 8. Even at this resolution, the differences betwet@n and is much more sensitive to the various derivative Iter combi-



(a) pFIR (b) CC (c) pFIR-s (d) CC-s

(e) P-OPT26 f QQ (9) P-FIR-s (h) QQ-s

Fig. 9. Downsampled isosurface renditions of the aneurysm dataset, top row CC (323%) and bottom row, BCC (256 256 512). The shading
differences are solely due to the different gradient estimation schemes.

nations. As before, the centered FIR schdPa®PT26 has a strong 7 CONCLUSION
smoothing effect. In comparison, the centered OP sche@éares a . I
lot better as shown by the zoomed in regions of the corresponding iMf€ have presented a new methodology to design derivative reconstruc
ages. The greatest improvement is shown by the the shifted sche i Schemes on arbitrary lattices, to extend the state of the art. The
P-FIR-sandQQ-s They dramatically improve visual quality by re- contribution is twofold; rst, the components of the gradient are com-
vealing high frequency details and énhancing contrast. We have aified as partial derivatives along principal lattice directions and each
compared these renditions to those obtained by computing the anal{i&ivative is reconstructed in a shift-invariant box spline space whose
gradient. The visual differences between the shifted schemes andHaPorting grid is shifted between two lattice points in the direction
analytic gradient are hard to discern, although we did notice that tREthe derivative. Second, the digital pre Iter which yields the box-
shifted OP schemes reproduce edges better and are more accurat®!|€ Coef cients from the available point samples is split into an in-
preserving the gradient magnitude in high frequency regions. Soﬁ%pol.atlon pre Iter.and.a FIR nite-difference lter, QeS|gned to fuIIy.
additional examples are also provided in the supplementary materi&Ploit the approximation order of the reconstruction space. The in-
The bene ts of the shifted schemes also extend to Direct VolunjgrPolation pre lter is applied only once and provides the coef cients
Rendering (DVR) as shown in Figure 1 for the case of the CC calff the reconstruction of both the function and its derivative. This
dataset. The images obtained by rendering the downsampled datij@ework globally matches the state-of-the-art quality of our previ-
clearly demonstrate the dramatic impact a mere shift can have on 94S!Y Proposed Hilbert space framework [20], while being free of the
sual quality. Even though several color values are composited to pr2rage overhead. . . .
duce a DVR rendering, the effect of a poor normal estimation scherEeIn future, we shall further investigate the use of the derivative error
persists specially in areas of high variability. ernel [7] to design quasi-projection pre lters, by relaxing the interpo-

In summary, the shifted OP schemes yield the best results. Holgtion constraint to improve the global behavior of the reconstruction.
; rthermore, we shall study the extension of the formalism to the case

ever, they achieve the superior visual quality at the expense of ad adf . ;
storage overhead. On the other hand, the shifted FIR schemes not §i¢re the measurements are corrupted by noise [5, 14, 28], to design
schemes that apodize noise while retaining maximal approximation

yield results that rival those obtained through the shifted OP schem
they are also cheap to compute and do not require any changes to r.

underlying interpolation kernel as is the case with the analytic gradi-

ent. This makes them ideally suited for practical applications where

both ef ciency and accuracy are crucial. It should be emphasizdd th&ckNOWLEDGMENTS

the scenario we have considered is the bare minimum to guarantee . )
fourth-order convergence. Both the frameworks considered in S&d'€ aneurysm dataset was obtained fromww.volvis.org
tion 4 can be easily extended to obtain higher quality Iters which caghile the carp dataset is courtesy of the volume library
be combined with the tricubic B-spline (CC) or the quintic box splin®ww9.informatik.uni-erlangen.de/External/vollib/ o

(BCC) to further reduce the error. In contrast, there is little room fof/e would also like to thank Zahid Hossain for providing his BCC

improvement for the analytic gradient (cf. Figure 5) because of ty@lume renderer and Ramsay Dyer for valuable discussions. This
lower approximation order. work was supported in part by the Natural Science and Engineering

Research Council of Canada (NSERC).
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