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—— Abstract

Online social networks allow the collection of large amounts of data about the influence between

users connected by a friendship-like relationship. When distributing items among agents forming
a social network, this information allows us to exploit network externalities that each agent
receives from his neighbors that get the same item. In this paper we consider Friends-of-Friends
(2-hop) network externalities, i.e., externalities that not only depend on the neighbors that get
the same item but also on neighbors of neighbors. For these externalities we study a setting where
multiple different items are assigned to unit-demand agents. Specifically, we study the problem
of welfare maximization under different types of externality functions. Let n be the number of
agents and m be the number of items. Our contributions are the following: (1) We show that
welfare maximization is APX-hard; we show that even for step functions with 2-hop (and also with
1-hop) externalities it is NP-hard to approximate social welfare better than (1 —1/¢). (2) On the
positive side we present (i) an O(y/n)-approximation algorithm for general concave externality
functions, (ii) an O(logm)-approximation algorithm for linear externality functions, and (iii)
an (1 — 1/e)-approximation algorithm for 2-hop step function externalities. We also improve
the result from [6] for 1-hop step function externalities by giving a (1 — 1/e)/2-approximation
algorithm.

1998 ACM Subject Classification F.2 Analysis of algorithms and problem complexity, G.1.2
Approximation
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1 Introduction

Assume you have to form a committee and need to decide whom to choose as a member. It
seems like a good strategy to select members from your network that are well-connected to
the whole field so that not only the knowledge of the actual members but also of their whole
network can be called upon when needed. Along the same vein assume you want to play a
multiplayer online game but you do not have enough friends who are willing to play with
you. Then it is a good idea to ask these friends to contact their friends whether they are
willing to play as well. Both these settings can be modeled by a social network graph and
in both settings not the direct (or 1-hop) neighbors alone, but instead the 1-hop neighbors
in combination with the neighbors of neighbors (or 2-hop neighbors) are the decisive factor.
Note that the 2-hop neighborhoods cannot be modeled by 1-hop neighborhoods through the
insertion of an additional edge (to the neighbor of the neighbor) as we require that every
participating neighbor of a neighbor is adjacent to a participating neighbor. In the above
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example, we can only get the opinion of a contact of a contact if we asked the contact before.
In the same way, the participation of a friend of a friend will only be possible if there is a
participating friend that invites him.

There has been a large body of work by social scientists and, in the last decade, also by
computer scientists (see e.g., the influential paper by Kempe, Kleinberg, and Tardos [22] and
its citations) to model and analyze the effect of 1-hop neighborhoods. The study of 2-hop
neighborhoods has received much less attention (see e.g., [11, 21]). This is surprising as a
recent study [16] of the Facebook network shows that the median Facebook user has 31k
people as “friends of friends” and due to some users with very large friend lists, the average
friends-of-friends reach in their study is even 156k. Thus, even if each individual friend of
a friend has only a small influence on a Facebook user, in aggregate the influence of the
friends-of-friends might be large and should not be ignored.

We, therefore, initiate the study of the influence of 2-hop neighborhoods in the popular
assignment setting, where items are assigned to users whose values for the item depend on
who else in their neighborhood has the item. There is a large body of work on mechanisms
and pricing strategies for this problem with a single [5, 17, 4, 1, 7, 24, 12, 3, 15] or multiple
items [8, 2, 6, 14, 26, 27, 25, 20] when the valuation function of a user depends solely on
the 1-hop neighborhood of a user and the user itself. All this work assumes that there is
an infinite supply of items (of each type if there are different items) and the users have
unit-demand, that is want to buy only one item. This is frequently the case, for example, if
the items model competing products or if the user has to make a binary decision between
participating or not participating. In the above examples, this requirement would model
that each user can only be in one committee or play one game at a time.

Thus, we study the allocation of items to users in a setting with 2-hop network externalities,
where the valuation that a user derives from the products depends on herself, her 1-hop, and
her 2-hop neighborhood with the goal of maximizing the social welfare of the allocation. The
prior work that is most closely related to our work is the work by Bhalgat et al. [6], where
they study the multi-item setting with 1-hop externality functions and give approximation
algorithms for different classes of externality functions. For linear externalities they give a
1/64-approximation algorithm and for step function externalities they get an approximation
ratio of (1 —1/e)/16 ~ 0.04. Additionally they present a 2°(9-approximation algorithm
for convex externalities that are bounded by polynomials of degree d and a polylogarithmic
approximation algorithm for submodular externalities.

1.1 Our Results

The Model: Let G = (V, E) be an undirected graph modeling the social network. Consider
any agent j € V who receives item ¢ € I, and let S;; C V' \ {j} denote the (2-hop) support
of agent j for item ¢: this is the set of agents who contribute towards the valuation of j.
Specifically, an agent j' € V'\ {j} belongs to the set S;; iff j’ gets item ¢ and the following
condition holds: either j’ is a neighbor of j (i.e., (j,5') € E), or j and j' have a common
neighbor j” who also gets item 4. The valuation received by agent j is equal to A;; -ext;;(]Si;]),
where \;; is the agent’s intrinsic valuation and ext;;(]S;;|) is her 2-hop externality for item
1. The goal is to compute an assignment of items to the agents that maximizes the social
welfare, which is defined as the sum of the valuations obtained by the agents.

We study three types of 2-hop externality functions, namely concave, linear and step
function externalities.
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Step-function externalities: Consider a game requiring a minimal or fixed number of
players (larger than two), e.g., Bridge or Canasta, then the externality is a step function.
For step functions we show that it is NP-hard to approximate the social welfare within a
factor of (1 — 1/e). The result holds for 1-hop and 2-hop externalities. We also show that
the problem remains APX-hard when the number of items is restricted to 2. Then we give
an (1 —1/e)/6 ~ 0.1l-approximation algorithm for 2-hop step function externalities. Note
that this is within a factor of 1/6 of the hardness bound. Our technique also leads to a
combinatorial (1—1/e)/2 ~ 0.3-approximation algorithm for 1-hop step function externalities,
improving the approximation ratio of the LP-based algorithm in [6].

Linear externalities: First we show that social welfare maximization for linear 2-hop ex-
ternality functions is NP-hard. ' Then we give an O(logn)-approximation algorithm for
linear 2-hop externalities. For these externality functions we can relax the unit-demand
requirement. Specifically, we can handle the setting where each user j can buy up to ¢;
different items, where c; is a parameter given in the input?.

Concave externalities: We give an O(y/n) -approximation algorithm when the externality
functions ext;;(.) are concave and monotone.

Extensions: Our algorithms for linear and concave externalities can be further generalized
to allow a weighting of 2-hop neighbors so that 2-hop neighbors have a lower weight than
1-hop neighbors. This can be useful if it is important that the influence of 2-hop neighbors
does not completely dominate the influence of the 1-hop neighbors.

Techniques: The main challenge in dealing with 2-hop externalities is as follows. Fix an
agent j who gets an item ¢, and let V; C V denote the set of all agents who get item 7. Recall
that the agent j’s externality is given by ext;;(|S;;|), where the set S;; is called the support
of agent j. The problem is that |S;;|, as a function of V; \ {j}, is not submodular. This is in
sharp contrast with the 1-hop setting, where the support for the agent’s externality comes
only from the set of her 1-hop neighbors who receive item 1.

All the mechanisms in [6] use the same basic approach: First solve a suitable LP-relaxation
and then round its values independently for each item 4. In the 2-hop setting, however, the
lack of submodularity of the support size (as described above) leads to many dependencies
in the rounding step. Nevertheless, we show how to extend the technique in [6] to achieve
the approximation algorithm for linear 2-hop externality functions, using a novel LP. We
further give a simple combinatorial algorithm with an approximation guarantee of O(y/n)
for 2-hop concave externalities. For this, we show that either an Q(1/+/n)-fraction of the
optimal social welfare comes from a single item, or we can reduce our problem to a setting
with 1-hop step function externalities by losing an (1 — Q(1/4/n))-fraction of the objective.

Our approach for 2-hop step functions is different. We use a novel decomposition of the
graph into a maximal set of disjoint connected sets of size 3, 2, and 1. We say an assignment
is consistent if it assigns all the nodes (i.e., users) in the same connected set the same item.

Theorem 3.1 in [6] claims that the welfare maximization problem for linear 1-hop externality functions
in complete graphs is MaxSNP-hard, which would imply our result, but, as we show in Appendix G ,
this claim is not true.

This is also true for the results in [6]. In both results, the assumption is that the valuation functions
are additive over the items.
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We show first that restricting ourself to consistent assignments reduces the maximum welfare
by at most a factor of 1/6. Finally, we show that finding the optimal consistent assignment
is equal to maximizing social welfare in a scenario where agents are not unit demand, do
not influence each other, and have valuation functions that are fractionally subadditive in
the items they get assigned. For the latter we use the (1 — 1/e)-approximation algorithm by
Feige [10].

2 Notations and Preliminaries

We are given a simple undirected graph G = (V, E) with |V| = n nodes. Each node j € V in
this graph is an agent, and there is an edge (j, j') € E iff the agents j and ;' are friends with
each other. There is a set of m items I = {1,...,m}. Each item is available in unlimited
supply, and each agent wants to get at most one item. An assignment A : V — I specifies
the item received by every agent, and under this assignment, u; (A, G) gives the valuation
of an agent j € V. Our goal is to find an assignment that maximizes the social welfare
> jev (A, G), ie., the sum of the valuations of the agents.
Let F}(G) (resp. F}(G)) be the 1-hop (resp. 2-hop) neighborhood of node j.

Fi@) ={i"eV: (i) e By, FJ(G) =Ujepa) Fy(G)\ (F(G)U{j}).

Define Vi(A,G) = {j € V : A(j) = i} to be the set of agents who receive item i € I under
the assignment A. Let N/ (i, A, G) = F}(G) NVi(A,G) denote the set of agents in F} (G)
who receive item i under the assignment A. Further, let N7 (i, A, G) = F7(G) N Vi(A,G) N
(Uj,,ele(i’A,G) Fjl,,(G)) denote the set of agents in F7(G) who receive item 4 under the
assignment A and are adjacent to some node in le (i, A, G).

The support of an agent j € V for item i € I is defined as S;(A,G) = Nj (i, A, G) U
sz (i, A, G). This is the set of agents contributing towards the valuation of j for item i.
Let A;; be the intrinsic valuation of agent j for item i, and let ext;;(|S;;(A, G)|) be the
externality of the agent for the same item. The agent’s valuation from the assignment A is
given by the following equality.

u;i (A, G) = Aag)g - extag).;i(15a).i (A G)I).-
We consider three types of externalities in this paper.

» Definition 1. In concave externality it holds that ext;;(t) is a monotone and concave
function of ¢, with ext;;(0) = 0, for every item ¢ € I and agent j € V.

» Definition 2. In linear externality it holds that for all j € V', ¢ € I and every nonnegative
integer t, we have ext;;(t) = t.

We extend the step function definition of [6] as follows to 2-hop neighborhoods.

» Definition 3. For integer s > 1, in s-step function externality it holds that for all j € V,
i € I and every nonnegative integer ¢, we have ext;;(t) is 1 if t > s and 0 otherwise.

We omit the symbol G from these notations if the underlying graph is clear from the context.
All the missing proofs from Sections 4, 5 appear in the Appendix.
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3 An O(y/n)-Approximation for Concave Externalities

For the rest of this section, we fix the underlying graph G, and assume that the agents have
concave externalities as per Definition 1. We also fix the intrinsic valuations A;; and the
externality functions ext;;(.).

Let A* € argmazx 4 {Z jev uj(A)} be an assignment that maximizes the social welfare,

and let OPT = 3.1, u;(A") be the optimal social welfare.

Let X* = {j € V 1 |S4+(j),;(A*)| > /n} be the set of agents with support size at least

v/n under the assignment A*, and let Y* = V' \ X* be the remaining set of agents.
Since X* and Y™ partition the set of agents V, there can be two possible cases. Half of the
social welfare under A* is coming (1) either from the agents in X*, or (2) from the agents
in Y*. Lemma 4 shows that in the former case there is a uniform assignment, where every
agent gets the same item, that retrieves 1/(2/n)-fraction of the optimal social welfare. We
consider the latter case in Lemma 5, and reduce it to a problem with 1-hop externalities.

> Lemmad. If Y. u;j(A*) >OPT/2, then there is an itemi € I such that 3\, u;(A*) >
OPT/(2y/n), where A® is the assignment that gives item i to every agent in V, that is,
Al(j) =i forall j € V.

Proof. Define the set of items I(X*) = U;cx-{A*(J)}-

We claim that [I(X*)| < v/n. To see why the claim holds, let V,* = {j € V : A*(j) =i}
be the set of agents who receive item ¢ under A*. Now, fix any item ¢ € T(X*), and note that,
by definition, there is an agent j € X* with A*(j) = ¢. Thus, we have |V*| > |S;;(A*)| > /n.
We conclude that |V;*| > y/n for every item i € I(X*). Since Dier(x)
follows that |[I(X™*)| < /n.

To conclude the proof of the lemma, we now make the following observations.

M) = X 3w e |3 A

jeEX* iel(X*) jeX*: A*(j)= JEX ™ A*(§)=i

=n, it

3J : J)=t

The lemma holds since OPT/(2v/n) <37, ¢ - u;(A")/v/n < max;er(x-) (Zjev uJ(Al)> <

For every item i € I and agent j € V, we now define the externality function ext;;(t) and
the valuation function 4, (.A).

ety (1) = {“%m =1 5(A) = Ay - €ty (NI@A)) (1)

0 otherwise.
Clearly, for every assignment A : V — I, we have 0 < 37,1, @;(A) <37,y u;(A). Also
note that the valuation function 4;(.) depends only on the 1-hop neighborhood of the agent
j. Specifically, if an agent j gets an item ¢, then her valuation is \;; - ext;;(1) if at least
one of her 1-hop neighbors also gets the same item 4, and zero otherwise. Bhalgat et al. [6]
gave an LP-based O(1)-approximation for finding an assignment A : V' — T that maximizes
the social welfare in this setting (also see Section 5 for a combinatorial algorithm). In the
lemma below, we show that if the agents in Y* contribute sufficiently towards OPT under the
assignment A*, then by losing an O(y/n)-factor in the objective, we can reduce our original
problem to the one where the externalities are ext;;(.) and the valuations are ;(.).
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» Lemma 5. If 37, . u;(A") > OPT/2, then 3,y 4;(A*) > OPT/(2¢/n).

Proof. Consider a node j € Y* that makes nonzero contribution towards the objective (i.e.,
u;j(A*) > 0) and suppose that it gets items ¢ (i.e., A*(j) = 4). Since u;(A*) > 0, we have
Sij(A*) = Nj (i, A*) U N7 (i, A*) # 0, which in turn implies that N; (i, A*) # 0. Thus, we
have @;(A*) = \;; - ext;;(1). Since |S;;(A*)| < /n and ext;;(.) is a concave function, we have
6$t1‘j(1) > 6£Etij(|Sij (.A*)D/‘Sj (A*)| > eastij(|Sij (A*)D/\/ﬁ Multiplying both sides of this
inequality by \;;, we conclude that @;(A*) > u;(A*)//n for all agents j € Y* with u;(A*) >
0. In contrast, if u;(A*) = 0, then the inequality @,(A*) > wu;(A*)/y/n is trivially true.
Thus, summing over all j € Y*, we infer that 3, . 4;(A*, G) > 3"y u; (A", G)/v/n >
OPT/(2y/n). The lemma now follows since >,y @;(A*, G) > >~y 4 (A", G). <

The algorithm for concave externalities. We run two procedures. Procedure (1) returns
an assignment A’ € arg max;ey (Zjev uj(.Ai))7 where A%(j) = i for alli € I and j €
V. Procedure (2) invokes the algorithm in [6] and returns an assignment A” such that
Yjev 4 (A7) > (1/a) - max (Zjev %(A)) for some constant o > 1, where the function
@;(.) is defined as in equation 1. Our algorithm now compares these two assignments A" and
A" and returns the one that gives maximum social welfare, i.e, we output an assignment

A" € argmax ac (a4 (Zjev U (-A))

» Theorem 6. The algorithm described above gives an O(y/n)-approrimation for social
welfare under 2-hop, concave externalities.

Proof. Recall the notations introduced in the beginning of Section 3. Since the set of
agents V is partitioned into X* C V and Y* = V' \ X*, either } . y. u;(A*) > Op1/2
or 3 icy- > OpPT/2. In the former case, Lemma 4 guarantees that > ,c 4 u;(A") >
djea ui(A) = OPT/(2y/n). In the latter case, by Lemma 5 we have >, 1 u;(A”) >
djean WilA") =3 an Wi (A”) > 37 4- 45(A%)/a > OPT/(2ay/n). Since a is a constant,
we conclude that the social welfare returned by our algorithm is always within an O(y/n)-factor
of the optimal social welfare. <

4  An O(logm)-Approximation for Linear Externalities

In this section, we assume that the input graph G = (V, E) is of the following form. The set
V' is partitioned into three groups Vi, V5 and Vs. Further, an edge in E either connects a
node in V; with a node in V5, or connects a node in V5 with a node in V3. Our goal is to
assign the items to the agents in such a way as to maximize the social welfare from the set V.
We refer to this problem as RESTRICTED-WELFARE, and prove Theorem 7 in Appendix A.

» Theorem 7. Any a-approzimation algorithm for the RESTRICTED-WELFARE problem can
be converted into an O(«)-approximation algorithm for the welfare-mazimization problem in
general graphs with linear (or even concave) externalities.

Consider the LP below. Here, the variable a(i, j, k) indicates if both the agents j € V;
and k € F jl received item ¢ € I. If this variable is set to one, then agent j gets one unit
of externality from agent k. Similarly, the variable 8(i,7,1) indicates if both the agents
1eW,leVsn Fj2 received item ¢ € I and there is at least one agent k € Fj1 N Fl1 who
also received the same item. If this variable is set to one, then agent j gets one unit of
externality from agent [. Clearly, the total valuation of agent j for item i is given by
ZkeVQQF; Xij - a(i, j, k) + Elevame Xij - B(4,7,1). Summing over all the items and all the
agents in Vi, we see that the LP-objective encodes the social welfare of the set V;.



S. Bhattacharya, W. Dvorak, M. Henzinger, M. Starnberger

Maximize: Z Z/\ij : ( Z o, g, k Z B(i, j,1 ) (2)

jeVv iel keVijl leVmF?
B(i,4,1) < min{w(i,1),y(i,7)} VieI,jeVl,le‘/sﬂFf (3)
B, j,1) <>y eFInE} 2(i, k) Viel,jeVi,leVsNF} (4)
a(i, j, k) < min{y(i, j), =(i, k)} vieljeVi,ke VaNEl  (5)
2y 0)< 1 Yo (i k) <1, 3 w(i 1) <1 Vi, k,l (6)
0 S Z(’L,k/’),y(l, )a (Zal>7 (Z,j,k),ﬁ(l,]7l) Viaj7k7l (7)

The variables y(i, j), 2(¢, k) and w(i,1) respectively indicate if an agent j € Vi, k € V4,
l € V3 received item ¢ € I. Constraints 6 state that an agent can get at most one item.
Constraint 5 says that if a(i, j, k) = 1, then both y(4,5) and z(4, k) must also be equal to
one. Constraint 3 states that if 8(¢,7,1) = 1, then both y(¢, j) and w(i,1) must also be equal
to one. Finally, note that if an agent | € V3 contributes one unit of externality to an agent
j € V1 for an item i € I, then there must be some agent k € Fj N F}" in V3 who received the
same item. This condition is encoded in constraint 4. Thus, we have the following lemma.

» Lemma 8. The LP is a valid relaxation of the RESTRICTED-WELFARE problem.

Before proceeding towards the rounding scheme, we perform a preprocessing step as
described in the next lemma, whose proof appears in Appendix B.

» Lemma 9. In polynomial time, we can get a feasible solution to the LP that gives an
O(logm) approzimation to the optimal objective, and ensures that each (i, 7, k), 5(i,7,1),
y(i,7),w(i,1) € {0,v} for some real number v € [0,1], and that each z(i,k) < 7.

We now present the rounding scheme for LP (see Algorithm 1). Here, the set W; denotes
the set of agents that have not yet been assigned any item when the rounding scheme enters
the FOR loop for item i (see Step 2). Note that the sets T; might overlap, but these conflicts
are resolved in Line 9 by intersecting T; with W;, which is disjoint with all previous T}, j < 1.

Algorithm 1 Rounding Scheme for LP
1. In accordance with Lemma 9, compute a feasible solution to the LP.
Set Tg < 0, and Wy < V = V1 U Vo U V3.
2. Forallitems i € I ={1,...,m}:
3 Set W; +— W,_4 \’171',1, and T; + .
4. Pick a value 7; uniformly at random from [0, 1].
5
6

Irn <
FoRr all nodes j € Vi:
IF y(i,4) = v, then with probability 1/4, set T; + T; U {j}.
7. FoR all nodes [ € V3:
IF w(i,l) = 7, then with probability 1/4, set T; + T; U {l}.

8. FoORr all nodes k € Vs:
With probability z(i, k)/(47), set T; < T; U {k}.
9. Assign item 4 to all nodes in W; NT;, i.e., set A(t) « i for all t € W; N T;.

10. RETURN the (random) assignment A.

» Lemma 10. For alit € V and all i € I, we have P[t € W;] > 3/4. Thus, P[{t1,ta,t3} C
Wil > 1/4 for all t1,ta,t3 € V.
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Proof. We will prove the lemma for a node in Vj, the argument extends to V5 U V3.

Fix any node j € V4 and any item ¢ € I, and consider an indicator random variable I';/;
that is set to one iff j € T}/. It is easy to check that E[I';/;] = y(¢', j)/4 for all items ¢’ € I. By
constraint 6 and linearity of expectation, we thus have: B[}, _, Tir;] = > . _, y(i’,7)/4 < 1/4.
Applying Markov’s inequality, we get P[>, _,'v; = 0] > 3/4. In other words, with
probability at least 3/4, we have that j ¢ T} for all ¢/ < . Under this event, we must have
j e w;,.

We have P[t ¢ W;] < 1/4 for all t € {t1,t2,t3}. P[{t1,t2,t3} € W;] > 1/4 now follows
from applying union-bound over these three events. |

In the first step, when we find a feasible solution to the LP in accordance with Lemma 9,
we lose a factor of O(logm) in the objective. Below, we will show that the remaining steps in
the rounding scheme result in a loss of at most a constant factor in the approximation ratio.

For all items ¢ € I, nodes j € Vi, and nodes k € F1 l e F2, we define the random
variables X (i, 4, k) and Y (¢,4,1). Their values are determmed by the outcome A of our
randomized rounding. To be more specific, we have that X (7, j, k) = 1 if both j and k receive
item i, and X (i, j, k) = 0 otherwise. Further, Y'(i,,1) = 1 if both j and [ receive item i and
there is some node in Fj N F}' that also received item 4, and Y (i, j,1) = 0 otherwise. Now,
the valuation of any agent j € V; from the (random) assignment A4 is:

A= (3 N Xd b+ Y Ay Vi) (®)

i€l keFjl leF?

We will analyze the expected contribution of the rounding scheme to each term in the
LP-objective. Towards this end, we prove the following lemmas. The proof of Lemma 11
appears in Appendix C.

» Lemma 11. Foralli € 1,5 € V1,k € Fjl, we have EA[X(i,7,k)] > 0 - a(i,j, k), where
0 > 0 is a sufficiently small constant.

» Lemma 12. Forallie I,j € Vy,l € Fjg, we have E4[Y (i,7,1)] > - B(i,4,1), where § is a
sufficiently small constant.

Proof. Fix an item i € I, a node j € V; and a node [ € F2 If 5(i,7,1) = 0 the lemma is
trivially true. Otherwise suppose for the rest of the proof that B(i,5,1) = y(i,5) = w(i,l) =

Let &; be the event that 7; < (see Step 4 in Algorithm 1). Let Z(i, k) be an indicator
random variable that is set to one iff node k € V5 is included in the set T; by our rounding
scheme (see Step 8 in Algorithm 1). We have:

P& =7, and P[Z(i, k) = 1|&] = (i, k) /4y for all k € V; (9)

Thus, conditioned on the event &;, the expected number of common neighbors of j and [
who are included in the set T; is given by

i :E[ 3 Z(i,k)’&;] = Y zik)/ay=1/4 (10)

kEF!INF} kEFINF}

Note that conditioned on the event &;, the random variables Z(i, k) are mutually independent.
Thus, applying Chernoff bound on Equation 10, we infer that with constant probability, at



S. Bhattacharya, W. Dvorak, M. Henzinger, M. Starnberger

least one common neighbor of j and [ will be included in the set T;. To be more precise,

define T; ;; = T; N Fj1 N Fll. For some sufficiently small constant d;, we have:
P [Ty #0|&] - P[ ST Z6.k) > o‘&} >1—e8=4, (11)
keFjlnFll

Let &; ;1 be the event that the following two conditions hold simultaneously: (a) T; ;; # 0,
AND (b) 7,1, and an arbitrary node from T; ; ;—each of these three nodes is included in W;.
Now, Equation 11 and Lemma 10 imply that P[E; ;| ;] > 62 for d2 = 1 /4. Putting all
these observations together, we obtain that P[Y (i,5,1) = 1] = P[&] - P[& ;1| & - P[4, 1 €
Ty Eisa &) =62 (1/4) - (1/4) = 6 = 5 B(i, 1) for 6 = 53/16.

<

» Theorem 13. The rounding scheme in Algorithm 1 gives an O(logm)-approximation to
the RESTRICTED-WELFARE problem.

Proof. In the first step, when we find a feasible solution to the LP in accordance with
Lemma 9, we lose a factor of O(logm) in the objective. At the end of the remaining steps,
the expected valuation of an agent j € V; is given by:

Baluy () = 30+ (0 BalX@dib] + 3 Bl (i.7.0])

i€l kEFjl lEFll
- @(Z Aij - (Z a(i, j, k) + Z 5(1,;‘,1)))
el kEFJ.l lEFll

The first equality follows from linearity of expectation, while the second equality follows
from Lemma 11 and Lemma 12. Thus, the expected valuation of any agent in V; is within a
constant factor of the fractional valuation of the same agent under the feasible solution to
the LP obtained at the end of Step 1 (see Algorithm 1). Summing over all the agents in Vi,
we get the theorem. |

We can generalize the above approach to the following setting: Each user j is given
an integer ¢; and can be assigned up to ¢; different items (each at most once). For this
we replace for each item ¢ and node j the constraint ), y(é, j) < 1 by the two constraints
> y(i,7) < ¢ and y(4,5) < 1 and adapt the proof of Lemma 10.

We give the modified proof in Appendix D.

Finally, we show NP-hardness for linear externalities, not only in the 2-hop setting but
also for 1-hop. The proof is provided in Appendix G. 3

» Theorem 14. Mazximizing social welfare under linear externalities is NP-hard.

5 Constant Approximation for Step Function Externalities

In this section, our goal is to maximize the social welfare when the agents have general
step function externalities, i.e., to receive externality an agent needs a certain number of

3 As mentioned before Theorem 3.1 in [6] claims that the welfare maximization problem for linear 1-hop
externality functions in complete graphs is MaxSNP-hard, which would imply our result, but, as we
show in Appendix G, this claim is not true.
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1- and 2-hop neighbors having the same product. We will show that no constant factor
approximation is possible unless a bound on the number of neighbors an agent needs to
receive externality is given. Thus we consider the case of 2-step function externalities, where
only two neighbors are needed (see Definition 3) and give a ¢ - (1 — 1/e)-approximation
algorithm for this problem. Notice that if we consider step functions that just require one
neighbor the problem reduces to the 1-hop step function scenario in [6]. However, our
2

In the following we assume 2-step function externalities. Let Gy denote the subgraph
induced by V' C V. For the rest of this section, the term “triple” will refer to any (unordered)
set of three nodes T' = {41, jo, j3} such that G is connected. Similarly, the term “pair” will
refer to any (unordered) set of two nodes {ji,j2} that are connected by an edge in E.

We first compute a maximal collection of mutually disjoint triples in the graph G. We
denote this collection by 7, and let V(T) = Uper T € V. The graph Gy v (), by definition,
consists of a mutually disjoint collection of pairs (say P) and a set of isolated nodes (say B).
We thus have the following lemma.

algorithm gives a 2 - (1 — 1/e)-approximation for this scenario improving the result in [6].

» Lemma 15. In G = (V| E), there is no edge that connects a node j € B with another node
in B or with a node belonging to a pair in P. Furthermore, there is no edge that connects
two nodes j,j' belonging to two different pairs P, P’ € P.

» Definition 16. An assignment A is consistent iff two agents get the same item whenever
they belong to the same triple or the same pair. To be more specific, for all j,j" € V', we
have that A(j) = A(j’) if either (a) j,j’ € T for some triple T' € T or (b) {j,5'} € P.

The next lemma shows that by losing a factor of 6 in the approximation ratio, we can
focus on maximizing the social welfare via a consistent assignment.

» Lemma 17. The social welfare from the optimal consistent assignment is at least (1/6)-OPT,
where OPT is the mazimum social welfare over all assignments.

Proof. Let A* be an assignment (not necessarily consistent) that gives maximum social
welfare. We convert it into a (random) consistent assignment .4 as follows. For each triple
{j1,72,73} € T, we pick one of the items A*(j1), A*(j2), A*(j3) uniformly at random, and
assign that item to all the three agents j1, jo, j3. Similarly, for each pair {j1,j2} € P, we pick
one of the items A*(j1), A*(j2) uniformly at random, and assign that item to both the agents
j1,72. The events corresponding to different triples and pairs are mutually independent.
Finally, the remaining agents (those who are in B) get the same items as in A*. It is easy to
see that the resulting assignment A is consistent. We claim that E[u;(A)] > (1/6) - u;(.A*)
for all j € V. To prove this claim, we consider three cases.

Case 1 (j € B): Let A*(j) = i. Since j € B, it always gets the same item under A, i.e.,
A(j) = 4. Now, if u;(A*) = 0, then the claim is trivially true. Otherwise it must be the case
that A*(j') = 4 for some neighbor j’ of j. Since j € B, this neighbor j/ must be part of some
triple T € T (see Lemma 15). With probability at least 1/3 all the three nodes in T are
assigned item 4 under A and at least two nodes of T" are in the 2-hop neighborhood of j. In
that event j gets the same valuation as in A*, and we have that Efu;(A)] > (1/3) - u;(A").

Case 2 (j belongs to a pair in P): Consider the pair P = {j,j'} € P, which has j and another
node (say j') as its members. Let A*(j) =1i. As in Case 1, if u;(A*) = 0, then the claim is
trivially true. Otherwise it must be the case that there exists a node j” with A*(5") =i
such that j” is either a neighbor of j or a neighbor of j'. Since {j,j’} € P, this agent j”
must be part of some triple T' € T (see Lemma 15). Let & be the event that all the three
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nodes in T are assigned item ¢ under A. Similarly, let £ be the event that both the nodes
4,5 € P get the same item ¢ under A. Since these two events are mutually independent, we

have that P[€; N&] > (1/3)-(1/2) = 1/6, and in the event & N &5, we have u;(A) = u;(A*).

It follows that E[u;(A)] > (1/6) - u;(A*).

Case 3 (j belongs to a triple in 7): Consider the triple 7' = {j,4’,j"”} € T which has, besides
j, two other nodes (say j' and j”) as its members. With probability at least 1/3, all these
three nodes are assigned item A*(j) under A, and in this event we have u;(A) > u;(A*). It
follows that Efu;(A)] > (1/3) - u;(A*).

Now, we take a sum of the inequalities E[u;(A)] > (1/6) - u;(A*) over all agents j € V,
and by linearity of expectation infer that the expected social welfare under the consistent
assignment A is within a factor of 6 of the optimal social welfare. This concludes the proof
of the lemma. <

Next, we will give an (1 —1/e)-approximation algorithm for finding a consistent assignment
of items that maximizes the social welfare. Along with Lemma 17, this will imply the main
result of this section (see Theorem 20).

We use the term “resource” to refer to either a pair P € P or an agent j € B. Let
R =P U B denote the set of all resources. We say that a resource r € R neighbors a triple
T € T iff in the graph G = (V, E) either (a) r = {j,j'} € P and some node in {j,j'} is
adjacent to some node in T, or (b) r = j € B and j is adjacent to some node in T. We
slightly abuse the notation (see Section 2) and let N(T') C R denote the set of resources that
are neighbors of T € T.

By definition, every consistent assignment ensures that if two agents belong to the same
triple in 7 (resp. the same pair in P), then both of them get the same item. We say that
the item is assigned to a triple (resp. resource). Note that the triples do not need externality
from outside. To be more specific, the contribution of a triple T" € T to the social welfare is
always equal to Y jer Aij, where 7 is the item assigned to T'. Resources, however, do need
outside externality, which by Lemma 15 can come only from a triple in 7.

» Lemma 18. In a consistent assignment, if a resource v € R makes a positive contribution
to the social welfare, then it neighbors some triple T, € T, and both the resource r and the
triple T,. receive the same item.

Proof. If a resource contributes a nonzero amount to the social welfare, then it must receive
nonzero externality from the assignment. By Lemma 15, such externality can come only
from a triple in 7. The lemma follows. |

Thus, given a consistent assignment A consider the following mapping 7'4(r) of a resource
r € R to triples in 7 in accordance with Lemma 18: If the resource » makes zero contribution
towards the social welfare (a case not covered by the lemma), then we let T4(r) be any
arbitrary triple from 7. Otherwise T4(r) denotes an (arbitrary) neighboring triple of 7 that
receives the same item as r. We say that the triple T4(r) claims the resource r.

For ease of exposition, let A; (1) be the valuation of the resource r when both the
resource and the triple T' that claims it get item i € I, i.e.,

Aig + X if r={4,7'} € P and r € N(T);
Air(T) = q Nij if r=j¢ Bandrec N(T);
0 if 7 ¢ N(T).

11
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Now, any consistent assignment .4 can be interpreted as follows. Under such an assignment,
every triple T € T claims the subset of the resources Sy = {r € R : Ta(r) = T}; the
subsets corresponding to different triples being mutually exclusive. A triple T and the
resources in St all get the same item (say ¢« € I). The valuation obtained from them is
uT(S'T, ’L) = ZjET )\i,j + ZTGST )\i,r(T)~

If our goal is to maximize the social welfare, then, naturally, for every triple T', we will pick
the item that maximizes ur (St, 7), thereby extracting a valuation of ur(St) = max; ur (S, ).
The next lemma shows that this function is fractionally subadditive.

» Lemma 19. The function ur(St) is fractionally subadditive in Sp.

The preceding discussion shows that the problem of computing a consistent assignment
for welfare maximization is equivalent to the following setting. We have a collection of triples
T, and a set of resources R. We will distribute these resources amongst the triples, i.e., every
triple T' will get a subset S C R, and these subsets will be mutually exclusive. The goal is
to maximize the sum } ;.. ur(St), where the functions ur(-)’s are fractionally subadditive.
By a celebrated result of Feige [10], we can get an (1 — 1/e)-approximation algorithm for this
problem if we can implement the following subroutine (called demand oracle) in polynomial
time: Each resource r is given a “cost” p(r) and we need to determine for each triple T a set
of resources Sy that maximizes ur(St) — ) _,.cg, p(r) over all sets Sp. Such a demand oracle
can be implemented in polynomial time using a simple greedy algorithm for each 7" and each
item i: Add a resource r to S5 iff \; -(T') > p(r). The result of the approximation algorithm
assigns each triple T" a subset S7 and we then pick the item ¢ that maximizes up(St,4) over
all items ¢. Together with Lemma 15, this implies the theorem stated below.

» Theorem 20. We can get a polynomial-time % - (1 = 1/e)-approximation algorithm for the
problem of mazimizing social welfare under 2-step function externalities.

The algorithm can be easily adapted for 1-hop step function externalities. The difference
being that instead of computing a maximal collection 7 of mutually disjoint triples, one
computes a maximal collection of mutually disjoint pairs.

» Theorem 21. We can get a polynomial-time 3 - (1 — 1/e)-approximation algorithm for
maximizing social welfare under 1-step function externalities.

Finally, we present our hardness results for step functions. By a reduction from MAX
INDEPENDENT SET (see Appendix I) we can show that, for unbounded s, there is no constant
factor approximation. The main idea is that we modify the graph such that we replace each
edge by a path of length three and each of the original nodes j wants a different item, while
J can only get positive externalities when having a support of 20; (d; the node degree of j).
The valuations of the newly introduced nodes are set to 0. That is, nodes that are adjacent
in the original graph have two common neighbors in the constructed graph, want different
items, need all their neighbors as support, and thus only one of them can have positive
valuation.

» Theorem 22. For any € > 0 the problem of maximizing social welfare under arbitrary
s-step function externalities is not approximable within O(n1/4’5) unless NP = P, and not
approzimable within O(n'/2=¢) unless NP = ZPP.

Second, we show that maximizing social welfare under 2-step function externalities is
APX-hard and thus no PTAS can exists. This is by a reduction from MAX COVERAGE. The
APX-hardness for two items is by a reduction from SAT.
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» Theorem 23. The problem of mazimizing social welfare under step function externalities
is APX-hard, in particular, there is no polytime 1 — % + e-approzimation algorithm (unless
P = NP). Furthermore, the problem remains APX-hard even if there are only two items.
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A Proof of Theorem 7

Theorem 7. Any a-approximation algorithm for the RESTRICTED-WELFARE problem can
be converted into an O(«)-approximation algorithm for the welfare-mazimization problem in
general graphs with linear externalities.

We want to maximize the social welfare in a general graph G = (V, E) under linear
externality functions. First, we randomly partition the set of nodes V into three groups:
V1, Vs, V3. To be more precise, we iterate over all the nodes in the graph. While considering
a specific node j € V' we randomly add it to one of the sets V1, V5, or V3, and we ensure that
these random events corresponding to the different nodes in V' are mutually independent.
Next, we delete all the edges that join a node in V; with a node in V3, and all the edges
whose both endpoints lie within the same subset V;,t € {1,2,3}. Let this new (random)
tripartite graph be G* = (V = V; UV, U V3, E*). Finally, given any assignment A of the
items to the nodes in this graph, we define the restricted social welfare to be the sum of the
valuations obtained by the agents in V. Thus, we ignore the contributions of the nodes in
V5 U V3. These nodes only serve the purpose of building up the externalities of the nodes in
V1. A node in V5 can only be a 1-hop neighbor of a node in Vi, whereas a node in V3 can
only be a 2-hop neighbor of a node in V.

Theorem 7 will follow from Lemma 24 and Lemma 25.

» Lemma 24. The social welfare from an assignment A : V. — I in the input graph
G = (V, E) is at least the restricted social welfare from the same assignment A in the graph

G* = (V,E*).

Proof. Follows from the facts that £ O E* and that in restricted social welfare we only
consider the valuations of the nodes in V; C V. <

» Lemma 25. The social welfare from any assignment in the graph G is within a constant
factor of the expected value of the restricted social welfare from the same assignment in the
random graph G*.
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Proof. Throughout the proof of the lemma, fix any assignment A : V — I, and let SW (A, G)
(resp. SW*(A, G*)) denote the social welfare (resp. restricted social welfare) from A in the

graph G (resp. G*). We will show E[SW*(A,G*)] = § - SW(A, G) for some constant § > 0.

Fix any node j € V and let i € I be the item assigned to it. By definition:
uj(A,G) = Nij - (IN] (i, A, G)| + [N} (i, A, G))) (12)

For every node k € N}(i, A, G) (resp. | € N7 (i, A,G)) we define an indicator random
variable X (resp. Y;) as follows.

1 if j € Vi and k € Vy;
X =
0 otherwise.

1 if j € V1 and | € V3, and at least one node
Y, = from N} (i, A,G) N N/ (i, A, G) is included in V5;

0 otherwise.

Next, we define a random variable W} as follows.

uj(A,G*) if j e Vg
W; = .
0 otherwise.

It is easy to see that

Wj > Z )\ij - X+ Z )\ij Y (13)
KENL(1,4,G) IEN2(i,A,G)

Since the nodes in V' are partitioned into the subsets Vi, V5, V3 uniformly and independently
at random, we have:

E[Xi] =P[X, =1]=(1/3)-(1/3)=1/9  Vke€ N,(i,AG) (14)
E[Y|=P[Y;=1]>(1/3)-(1/3)-(1/3) =1/27  VI€ N}(i,A,G) (15)

From equations 13, 14 15, and linearity of expectation, it follows that

E[W;] > 6 Ay - {IN (i, A, G)| + [N} (i, A,G)|} for some constant § > 0. (16)
Equation 12 and 16 imply that

E[W;] 26 -u;(A,G) (17)
Now, the expected value of the restricted social welfare from A in G* is:

E[SW*(A,G*)] =Y E[W;]>6-> u;(AG)=6-SW(AG)

jev jev

This concludes the proof of the lemma. <

B Proof of Lemma 9

Lemma 9. In polynomial time, we can get a feasible solution to the LP that gives an
O(logm) approzimation to the optimal objective, and ensures that each «(i,j, k), 5(i,7,1),
y(i,7),w(i, 1) € {0,7} for some real number v € [0,1], and that each z(i,k) < 7.

15
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Proof. We compute the optimal solution to LP 2, and partition the «(i, , k) and (3, j,{)
variables into two groups (large and small) depending on whether they are greater than or
less than 1/m?2. By losing at most a 1/m fraction of the objective, we can set all the small
variables to zero. To see this, suppose that the claim is false, i.e., the contribution of these
small variables exceeds 1/m fraction of the total objective. Then we can scale up all these
small variables by a factor of m, set all the large a(i, j, k), 5(4, j,1)’s to zero, and set every
z(i, k), y(4,7), w(i,1) to 1/m. This will satisfy all the constraints, and the total contribution
towards the objective by the erstwhile small variables will get multiplied by m, which, in
turn, will imply that their new contribution actually exceeds the optimal objective. Thus,
we reach a contradiction.

We discretize the range [1/m?,1] in powers of two, thereby creating O(logm) intervals,
and accordingly, we partition the large variables into O(logm) groups. The variables in
the same group are within a factor 2 of each other. By losing an O(logm) factor in the
approximation ratio, we select the group that contributes the most towards the LP-objective.
Let all the variables in this group lie in the range [y,27y]. We now make the following
transformation. All the «(i, 4, k), 8(¢,7,1)’s in this group are set to . This way we lose
another factor of at most 2 in the LP-objective. All the remaining (s, j, k), 5(4, j,1)’s are set
to zero. At this stage, we have ensured that each (i, j, k), 5(i,4,1) € {0,7}.

Now, it is easy to check that if a y(4, j) or a w(s, 1) is set to a value less than +, then it plays
no role whatsoever in ensuring the feasibility of the LP-solution. This holds as constraints 3, 4
ensure that any «(i, j,k) or B(i,j,1) corresponding to those variables must be set to zero
(recall that each «(i, 4, k), 8(i,4,1) is either  or zero). Thus, we set any y(i, j), w(i,1) < v to
zero, and we set the remaining y(4, j), w(i,1)’s to . Since each a(i,j, k), 5(i,4,1) € {0,~},
the latter transformation does not violate the feasibility of the solution. Finally, we set
2(i, k) < min(z (i, k),v) for each i € I,k € V5.

<

Note that after the processing according to Lemma 9 there might exists 4, j, k, and [ such
that z(4, k) and 5(3, j,1) both equal 7, but a(i, j, k) equals 0. In this case we could increase
the value of the solution by setting «(%, j, k) to v but this is not necessary for our rounding
procedure as it ignores both the a as well as the 3 values.

C Proof of Lemma 11

Lemma 11. Foralli € I,j € V1,k € Fjl, we have E4[X (i,5,k)] > 6 - a(i,j, k), where
0 > 0 is a sufficiently small constant.

Proof. Fix an item ¢ € I, a node j € V5 and a node k € Fjl. If a(i,7,k) = 0 the lemma is
trivially true. Otherwise suppose for the rest of the proof that a(i, 5, k) = y(i, ) = 2(i, k) = 7.
Now, we have:

EA[X(i,5, k)] =P[X(i,5,k) = 1]

=Pk e Wil - Pln; <vl|j, ke Wil - P,k € Ti [ (ni <) A (4, k € Wi)]
> 1727+ (1/4) - (2(i, k) /)

=d0-y=6-a(i,j,k) (where § = 1/32)

The last but one equality holds since z(i, k) = . <
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D Multi-Demand Settings

We show how to adapt the proof of Lemma 10 to the more general setting.
» Lemma 26. For every node t € V and every i € I, we have P[t € W;] > 3/4.

Proof. We will prove the lemma for a node in Vi, the argument being exactly similar for a
node in Vo U V3.
Fix any node j € V1 and any item 4 € I, and consider an indicator random variable I';/;

that is set to one iff j € T;s. It is easy to check that E[I';/;] = y(¢', j)/4 for all items ¢’ € I.

By constraint 6 and linearity of expectation, we thus have: B[}, _, Ti;] = >, y(i’,7)/4 <
cj/4. Applying Markov’s inequality, we get P[>, _, T'w; < ¢;] > 3/4. In other words, with
probability at least 3/4, we have that less than ¢; many items have been assigned to j when
item i is processed. Under this event, we must have j € W,. The lemma follows. <

E Proof of Lemma 19
Lemma 19. The function up(St) is fractionally subadditive in St.

Proof. Note that the function ur(Sr,i) is linear in St, for every item ¢ € I. The lemma

follows from the fact that the maximum of a set of linear functions is fractionally sub-additive.

<

F  p-hop Externalities

In this Section we generalize our notation for the p-hop case. For p > 2, let the p-hop
neighborhood F f be defined as follows.

FJP = Uj'eFffl(Fjl’) \ (Uq<p FJQ u{sh-

and let the p-neighborhood Ffp be U, ., F!

q<p " J "
Then the p-hop support N} (i,.A) is defined as

NP(i, A) = FP(G) N Vi(A) N U Fl©o

J
j/ENJT.’_l(i,A)

<pgs )
and N=P(i, A) = U, <, N/ (i, A).

Finally the p-support of an agent j € V for item i € I is then defined as Sfj(A, G) =
INFP(i, A, G)|

G Hardness for Linear Externalities

Bhalgat et al. [6] state that “ The welfare maximization problem for linear externality and
complete graphs is MaxSNP-hard”. As on complete graphs there is no difference between
1-hop, 2-hop and in general p-hop linear externalities this would imply MaxSNP hardness
for our setting. Unfortunately, as we explain next, their claim is not true. There is a quite
simple method to find the optimal assignment in the case of a complete graph. Consider only
the assignments that pick one item ¢ € I and assign it to every agent, and select the optimal
assignment among them. This can be done in linear time in the number of items m and the

17
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number of agents n. Lemma 27 shows that such an assignment is also optimal among all
possible assignments. Assuming NP # P the incorrectness of Theorem 3.1 in [6] follows.

» Lemma 27. Given convex functions f; ;j: Ng — Rxq with f; ;(0) =0 for alli € I :=
{1,...,m} and all j € V, and a partition of V into m sets S1,...,Sm (i.e., J;c; Si =V and
Si N Si’ = @ fOT all i # ’i/ € I) it holds that Zie] ZjESi fl](|S’LD S maX;ecr ZjGV fZJ(‘VD

Proof. For the proof we set n = |V| and define i* € argmax;er ) ey fi;([V]).

SN 15 <33 s (13)

el jES; i€l jES;

=SB ) (19)

i€l JES;:

< BS fm (20)

iel JjEV

SHILLD P 1)

il jev

=2 i % =Y fiyn) (22)

jev iel jev

Equality 18 follows from the convexity of f; ;(-) and f; ;(0) = 0. Equality 19 holds because
% does not depend on j. Inequality 20 follows from the non-negativity of f; ;(-). For
Inequality 21 observe that for any fixed i € I it holds that > ..\ fij(n) < > .y fir 5(n)
by the definition of ¢*. Further, Zj cv fix,j(n) does not depend on i, which implies the
left-hand side of Equality 22. For the right-hand side of Equality 22 recall that Sy,...,S5,,
is a partition of V, and thus, >,/ |S;[ = [V| = n. This gives >, fi- j(n) which is by
definition max;er Y ey fi i ([V]).

<

Notice that the valuation of an agent with linear externality is indeed a convex function
fi; with f; ;(0) = 0 and in a complete graph the externality of a node only depends on
the number of nodes having the same item. Moreover if no one has the item the valuation
an agent gets from this item is clearly 0.4 Thus the above lemma implies that there is an
optimal assignment assigning the same item to all nodes. From that the following theorem
follows immediately.

» Theorem 28. The welfare mazximization problem for linear externalities and complete
graphs can be solved in polynomial time.

However, on general graphs the problem becomes NP-hard. We next show show this
NP-hardness in a generalized version of Theorem 14. That is we consider p-hop linear
externalities (p > 1), i.e. the support of an agent j € V for item ¢ € I be defined as
SH(A,G) = |N]Sp(i7 A, G)| (see also Appendix F). To this end we consider a simpler version
of MaX COVERAGE (where all weights w; are set to 1) which is still NP-hard [9, 23].

4 Notice that all these observations hold for both, our definition of linear externalities and the slightly
different definition of linear externalities in [6].
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Figure 1 An illustration of the graph constructed in the above reduction for p = 3, D = {1, 2, 3}
and k = 2.

» Definition 29. The input to the MAX COVERAGE problem is a set of domain elements
D =1{1,2,...,n}, a collection S = {E1,..., En,} of subsets of D and a positive integer k.
The goal is to find a collection S’ C S of cardinality k& maximizing |U pes B |

Theorem 14 The problem of maximizing social welfare under p-hop linear function extern-
alities is NP-hard.

Proof. The proof is by a reduction from the NP-hard problem MAX COVERAGE (see Def.
29). The reduction maps an instance (D, S, k) of the MAX COVERAGE problem to our
problem as follows. It constructs a graph G with a node set V' containing X = {z1,..., 2},
Y ={y1,...,yx}, D and {ezj :i1€D,1<j<k/1<h<p}. The undirected edges are given
by

{(w, ) : 1< 1<k}

{(e?’j,erl) €D 1<j<k,1<h<p-—1};and

If p > 1 we have edges {(i, €] ;), (eﬁ}l,yj) :ie€D,1<j <k}

Otherwise if p = 1 then there are edges {(i,y;) : i € D,1 < j < k}.

The items are given by {E;; : F; € S,1 <[ < k}. Finally the intrinsic values of an agent
j € D for getting item Ej; are given by

E;,j — .
i 0 otherwise.

while the intrinsic values of and agent x; are given by

A _n-k-p ifl=j
Bt 0 otherwise.

and for all other agents j and items 7 the weight \; ; = 0.

» Lemma 30. The above reduction maps each instance of the MAX COVERAGE problem to
a network of agents with linear function externalities in p-neighborhoods such that for the
value optpro of the optimal selection for the MAX COVERAGE instance and optgw the social
welfare of the optimal item assignment it holds that optsw = k*np(1+ (p — 1)n) +p- optarc.
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Proof. (1) We first show that optsw > k?np(1 + (p — 1)n) + p - optarc: W.lo.g., we assume
that that an optimal coverage Optyro is given by {Si,...,Sk}. Consider the following
assignment A. For each 1 < j < k, the nodes z;, y; and {eﬁj :1 € D,1 <h < p} are
assigned the item E; ;. If a node d € D is covered by Optyc, i.e., it is contained in some
S, € Optpc, then d is assigned the item Ej; (if there are several such S; pick the one with
the lowest index). Otherwise, if d is not covered by Optyc then item Ej ; is assigned to
d. Now consider the social welfare of A. First of all, by construction, only the nodes in
X and D contribute social welfare. A node x € X has a p-neighborhood of 14+ (p—1) -n
many nodes, and all of his p-neighbors get the same item. Thus, = has a valuation of
n-k-p-(1+(p—1)-n). As |X| =k the set X has a social welfare of n-k%-p- (14 (p—1)-n).
Now consider d € D. If d is covered by an S; € Optysc, i-e., d € Fy, then it was assigned
the item Ej;. Moreover, E;; is also assigned to the nodes {eg,l :1 < h < p} and y; which
are in the p-neighborhood of d. Thus each covered d € D has valuation > p and therefore
optsw > k*np(1+ (p — 1)n) +p - optarc.

(2) Tt remains to show that optsw < k?np(1 + (p — 1)n) + p - optyre: We first show that
in an optimal assignment Optgy each x; € X must have valuation n-k- (14 (p—1)-n), i.e.,
x; is assigned to the one of the items {F;; : E; € S}, and {er :i€ D, 1 <h<p}andy
are assigned to the same item. Towards a contradiction assume that there is an assignment
A with one x € X that has lower valuation. Then the social welfare of X in 4 is bounded
by nk?p(1+ (p — 1)n) — nkp. Each d € D has a p-neighborhood of size k - p. Thus the social
welfare of D in A is bounded by n - k - p. We have that the social welfare of A is bounded
by nk*p(1 + (p — 1)n). But from (1) we know that optsw > k?np(1 + (p — 1)n) + p - optarc
where optyre > 1 for all none trivial instances. We obtain the desired contradiction. Thus
we know that in Optgy the social welfare of X is given by n-k?- (1 + (p— 1) - n).

Now consider a i € D. The p-neighborhood of i consists connected sets {eﬁj 11 <
h <p—1}U{y;}. By the above observation in optgw all nodes in such set are assigned
the same item but all sets are assigned different items (as they belong to different z;).
Hence for ¢ € D the valuation is either p if it gets an item FE;; with d € E; and one
of its neighbor sets gets the same item. Otherwise d has valuation 0. We obtain that
optsw = k*np(1+ (p—1)n) + p- |{d € D : d has positive valuation in optsy }|. Finally, we
can construct an k-covering by choosing the sets S; corresponding to the items assigned
to X. By the construction, this k-covering covers all d € D with positive valuation and
thus optyre > |{d € D : d has positive valuation in optgw }|. Hence we obtain optgy <
kE2np(1+ (p — 1)n) +p - optarc.

<

By the above lemma, the presented reduction maps each MAX COVERAGE instance to an
instance of our problem. Moreover it can be also performed in polynomial time and thus
Theorem 14 follows from the corresponding result for Max COVERAGE [9, 23].

<

H Generalization of Step-Function Externalities
We can generalize the result in Section 5 as follows (Recall the definitions from Appendix F).
» Definition 31. In an s-step externality function in a p-neighborhood for all j € V., i€ [

and A : V — I it holds that u;(A, G) = A4, - €$fA(j),j(\Si(j)7j(A, Q)|) with ext;;(t) is 1
if t > s and 0 otherwise.
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Note that we can assume p < s as the p-hop neighborhood cannot be reached with fewer
than p nodes. We show next how to generalize the algorithm of the previous setting to
s-step externality functions in s neighborhoods. We leave it as an open question to give an
approximation algorithm for s-step externality functions in p-neighborhoods for arbitrary
p < s. Moreover the algorithm can be also applied to scenarios where different nodes j
have different s;-step functions. Then the parameter s is set to the maximum of all s;.
The generalized algorithm works as follows: Analogous to triples in the previous section we
compute a maximal collection of mutually disjoint connected sets of size s + 1 in the graph
and decompose the remaining graph into maximal collections of connected sets of size s, ..., 1.
The definition of a consistent assignment carries directly over to this new decomposition of
the graph and Lemma 17 can be generalized as follows.

» Lemma 32. The social welfare from the optimal consistent assignment is at least ﬁ .
OprT, where OPT is the mazimum social welfare over all assignments under s-step function

externalities in a s-neighborhood.

Proof. Let A* be an assignment (not necessarily consistent) that gives maximum social
welfare. We convert it into a (random) consistent assignment A as follows. For each of the
connected components {j1,...,j}, we pick one of the items A*(j1), ..., A*(j;) uniformly
at random, and assign that item to all the agents in the component. We claim that

E[u;(A)] > (ﬁ) -u;(A*) for all j € V. To prove this claim, we consider two cases.

1. (j belongs to a component of size s + 1): Consider a component {7, jo, ..., js+1} which
has, besides j, s other nodes as its members. With probability at least 1/(s+ 1), all these
nodes are assigned item A*(j) under A, and in this event we have u;(A) > u;(A*). It
follows that E[u;(A)] > (1/(s + 1)) - u;(A*).

2. (j belongs to a component of size < s): Consider a component P = {j, ja,...,j;} which
has, besides j, [—1 other nodes as its members. Let A*(j) = i. Asin Case 1, if u;(A*) =0,
then the claim is trivially true. Otherwise it must be the case that there exists a node j’
with A*(j') = i such that j’ is either a neighbor of j or a neighbor of one of the ja, ..., j;.
By construction this agent j must be part of some component T of size s. Let & be the
event that all nodes in T are assigned item ¢ under A. Similarly, let £ be the event that
all the nodes in P get the same item ¢ under A. Since these two events are mutually
independent, we have that P[£; N &) > (1/(s+ 1)) - (1/1) > 1/((s 4+ 1)s). In the event
&1 N &y, we have u;(A) = u;(A*) and therefore that E[u;(A)] > 1/((s + 1)s) - uj(A*).

Now, we take a sum of the inequalities Efu;(A)] > (m) -u;j(A*) over all agents j € V,
and by linearity of expectation infer that the expected social welfare under the consistent
assignment A is within a factor of 1/((s+ 1)s) of the optimal social welfare. This concludes
the proof of the lemma. |

The remaining arguments carry through without any changes.

» Theorem 33. We have a polynomial-time ﬁ - (1 = 1/e)-approzimation algorithm for

mazximizing social welfare under s-step function externalities in a s-neighborhood.

For s = 1 this leads to a - (1 — 1/e)-approximation algorithm, improving the & - (1 —1/e)-
approximation algorithm of [6].
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Graph G Graph G

Figure 2 An illustration of the reduction in the proof of Theorem 22.

I Hardness of Approximation

Theorem 22 For any € > 0 the problem of maximizing social welfare under arbitrary
s-step function externalities is not approximable within O(n1/4_5) unless NP = P, and not
approzimable within O(n'/?~¢) unless NP = ZPP.

Proof. The proof is by an approximation ratio preserving reduction from the MAX INDE-
PENDENT SET problem defined below.

» Definition 34. The input to the MAX INDEPENDENT SET problem is a (undirected) graph
G = (V, E). The goal is to find an independent set, i.e. a set S C V such that no two vertices
in S are incident to the same edge, of maximal cardinality.

Now consider the following reduction from the MAX INDEPENDENT SET instance G = (V, E)
to our problem. We first compute the degree ¢; of each node j € V. We then construct the
graph G = (V, E) as follows:

V=VU{(),0): (@) eE}

E = {(v, (v,0)), ((v,0"), (v, 0))((v/,0),0') : (v,0") € E}

The set of items is given by I = {i; : j € V'}. and the valuations u; for j € V are given by:

Uy (Aa G) =

- 1 if A(j) =i; and [N} (i, A,G) UNZ(i, A, G)| > 26,
0 otherwise

That is each agent j € V' just wants one item, the item ; and only if at least 26; 1- or 2-hop
neighbors in G have the same product. Also for each item there is just one agent that can
get revenue from it. For nodes j € V' \ v the valuation u;(A, G) is always zero. Moreover, by
construction each node j € V' has exactly 26; 1- and 2-hop neighbors in G, i.e. for an agent
j to get a positive externality all his 1- and 2-hop neighbors have to get the same item. The
construction is illustrated in Figure 2.

» Lemma 35. The above reduction maps each instance of MAX INDEPENDENT SET to a
network of agents with step function externalities in 2-neighborhoods such that the cardinality
of the mazimum independent set is equal to the social welfare of the optimal item assignment.

Proof. We will show that (a) given an independent set of size k we can construct an item
assignment with social welfare > k and (b) given an item assignment with social welfare k
we can construct an independent set of size > k.
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(a) Given an independent set S C V we define Ag as follows. Each j € S and all of its
1- or 2-hop neighbors get item i; assigned. A is well-defined as nodes in j, j/ € S are not
adjacent in G and thus have a distance of at least 6 in G. Hence no node of V has more
than one item assigned. Now, by construction, for each node j € V' we have u;(A, G') =1
and thus the social welfare is at least |[V] = k.

(b) Given an item assignment A we social welfare k, we consider the set S of nodes j € 1%
that have positive utility, i.e. S = {j € V : u;(A,G) = 1}. We used that only nodes in V' can
have positive utility and that the utility of a node is either 0 or 1. As the social welfare is
the sum over the utilities we have that |S| = k. It remains to show that S is an independent
set. Suppose that not, then there are j,j € S with (4, j') € E. But that means that in G
the nodes (j,7’) and (j',7) are neighbors of both j and j'. As j has utility 1 it must be
assigned item 4; and as its threshold is 2 §; also all its neighbors must be assigned item 4;,
in particular (j,;),(j’,7) must be assigned item ;. A symmetric argument for j’ results
that (j,7'),(s’,j) must be assigned item i;,. As A can only assign one item to each node this
yields or desired contradiction. Hence S is an independent set of size k. |

By the above lemma, the presented reduction is approximation ratio preserving and, it
can be also performed in polynomial time. We know that MAX INDEPENDENT SET is not
approximable within |V[*/27¢ unless P = NP [18] and not approximable within |V|'~¢ unless
ZPP = NP [18]. By the above we get the same ratio for our problem but in terms of |V | and
not |V|. Now as n = |V| = |V| + 2|E| < 3|V|? we get that our problem is not approximable
within O(n'/4¢), and O(n'/?~¢) respectively. <

Here we restate and prove Theorem 23 for the more general s-step externality functions
in a p-neighborhood (for the formal definitions see Appendix H). This results immediately
imply the statement in Section 5 as in 2-step externality functions in a 2-neighborhood
correspond to the step function externalities from Definition 3.

Theorem 23 (Part 1). The problem of maximizing social welfare under s-step function
externalities in a p-neighborhood is APX-hard (even for s = p), that is there is no polynomial-
time 1 — L + e-approzimation algorithm (unless P = NP).

Proof. The proof is by an approximation ratio preserving reduction from the MAX COVERAGE
problem defined below.

» Definition 36. The input to the MAX COVERAGE problem is a set of domain elements

D ={1,2,...,n}, together with non-negative integer weights wy,...,w,, a collection & =
{E1,..., En} of subsets of D and a positive integer k. The goal is to find a collection 8" C S
of cardinality k¥ maximizing ZjeUEeS/ W

Now consider the following reduction from instance (D,S, k) of the MAX COVERAGE
problem to our problem. We constructs a bipartite graph G with node set V' and an item set
I with I = S. We build G as follows: For each element j € D we create one node j in V and
s — 1 nodes g§ for 1 <t < s—1. Additionally V' contains k nodes e¢; with 1 <[ < k. There
is an edge in G from each node j to every node g§ for all 1 <t¢ < s—1. Additionally there is
an edge from each node j to every node e; for 1 <[ < k. Finally the intrinsic values of an
agent j € D for getting item F € S are given by

wj lfj cFk
Ap,j = .
0 otherwise.
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Figure 3 An illustration of the reduction for 2-step functions and (D,S,k) =
({1,2,3,4,5},{{1,2},{2,3},{3,4},{4,5}},2). Notice that the graph does not depend on S.

while the intrinsic values of an agent j ¢ D are given by Ag ; = 0 for all E. The valuations of
the agents for a given assignment are then given by u;(A) = Aag); - extA(j)’j(\Si(j) (A,
where ext; ;(t) are s-step function externalities.

» Lemma 37. The above reduction maps each instance of the MAX COVERAGE problem to
a network of agents with s-step function externalities in p-neighborhoods such that the value
of the optimal selection for the MAX COVERAGE problem is equal to the social welfare of the
optimal item assignment.

Proof. We will show that (a) given a solution for the MAX COVERAGE instance with value W
we can construct an assignment for the s-step function externalities in p-neighborhoods with
social welfare at least W and (b) given an assignment for the s-step function externalities in
p-neighborhoods with social welfare W we can construct a solution for the MAX COVERAGE
instance with value at least W. The lemma then follows.

(a) Consider a feasible solution &’ for the MAX COVERAGE instance with value W =
ZJEUE LB W.lo.g. we can that assume &’ = {E1,..., E;}. One can construct an item

assignment to the nodes as follows: For each 1 <1 < k assign item FE; to node ¢; and for each
J € Uges: E pick one E; € 8’ such that j € F and assign E; to j and g§ for 1 <t <s— 1.
Finally, assign arbitrary items to the remaining nodes. It remains to show that the social
welfare of this assignment is at least W. To this end consider an arbitrary j € Upcs £
For this j the corresponding node has utility w; as there are at least s neighbors in his
p-neighborhood having the same item. This is because there is a node e; such that (i) j € E;
and (ii) e, j, and all g;» for 1 <t < s—1 get the same item F;. By construction of the graph
J is connected to all these s nodes by an edge. As this holds for each j € |Jpcg F the social
welfare of the given assignment is at least W.

(b) Given an item assignment 4 one can construct a feasible solution for the MAX
COVERAGE instance as follows. Consider the nodes ey, ... e, and the collection S’ of assigned
items {E,,..., Ee, }. Now if we consider the items E.; again as subsets of D we have that
&’ is a feasible solution for the MAX COVERAGE instance (as |S’| < k). Now let D* be the
set of nodes j in the graph with j € D such that j contributes a positive amount to the
social welfare in A. Each node j € D* contributes exactly w; to the social welfare. For
each j € D* there is at least one node e; with the same item Ej s.t. j € Ej, as j has only
s — 1 neighbors that are not e; nodes and none of these neighbors has further edges. By
construction E; € 8" and thus j is covered by 8" and contributes w; to the value of S’. As
this holds for each 7 € D* the value achieved by the feasible solution S’ is at least as high as
the social welfare of the item assignment A. <
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So, by the above lemma, the presented reduction is approximation ratio preserving and, as it
can be also performed in polynomial time, Theorem 23 follows from the corresponding result
for MAX COVERAGE |[9, 23]. <

Notice that the above reduction introduces an arbitrary large number m of items. So the
critical reader might ask whether the problem admits a PTAS if one bounds the number of
items. The answer to this question is no as we can show that the problem is still APX-hard
if we just consider two items, however for a smaller constant. So Part 2 of Theorem 23 is by
the following theorem.

» Theorem 38. Maximizing social welfare with s-step function externalities in a
p-neighborhood is APX-hard even for the case with 2 items, i.e., it is NP-hard to approrimate
better than a factor of %.

For showing APX-hardness we make use of a variant of the MAX-SAT problem, where each
clause contains either only positive literals or only negative literals. We first have to show
that this variant is still APX-hard, using a reduction from MAX3-SAT which is well-known
to be APX-hard.

» Proposition 39. Monotone MAX-SAT is APX-hard, i.e., it is NP-hard to approrimate it
better than a factor of %.

Proof. We show the assertion by a reduction from MAX3-SAT for which it is well-known
that approximations better than 7/8 are NP-hard [19]. To this end we consider the following
reduction from [13] which shows the decision version of monotone SAT to be NP-hard.
Assume we are given an instance of MAX3-SAT; i.e., a ONF formula ¢ = A Ve, {
with I" being a collection of clauses, where a clause - is a set of literals of X.
For each v € I let «y, be the set of positive literals in « and let 7,, be the set of negative

literals in 4. We now construct an instance ¢ = /\vef’y of Monotone MAX-SAT as follows.

For each v € T we have v, U {2,} € T and v, U {—z,} € T, where zy is a new variable.
Clearly each of these clauses contains either only positive literals or only negative literals.

Further let m be the number of clauses in ¢ and M the maximal number of simultaneously
satisfied clauses of ¢.

Claim: The maximal number of simultaneously satisfied clauses in ¢ is M + m.

To show the claim let us first assume we have a truth assignment 7 satisfying M clauses
of p. We can extend 7 to a truth assignment 7’ for the Monotone MAX-SAT as follows. If

T satisfies a positive literal of clause v then set 7/(z,) = false otherwise to 7/(z,) = true.

Now we have that if 7 satisfies clause  then both corresponding clauses in ¢ are satisfied by

7" and if 7 is not satisfied by 7 then only the positive clause v, U {z,} in 9 is satisfied by 7’.

Thus we have that 7/ satisfies M + m clauses of 1.

Now let us assume we have an assignment 7 for v satisfying M’ clauses. Now consider
the assignment 7 for variables X which is given by 7(x) = 7/(x) for all x € X i.e., T is the
projection of 7/ on X. Consider a clause v € I" where both corresponding clauses in v are
true. At most one of these clauses can be satisfied by the variable z, and thus v must be
satisfied by 7. Finally, observe that for at least M’ —m many clauses of ¢ both corresponding
clauses in v are satisfied and thus 7 satisfies at least M’ — m clauses of ¢, which concludes
the proof of the claim.

We next show that if we could (% + €)-approximate Monotone MAX-SAT then we could
also (7/8 + ¢)-approximate MAX3-SAT. Given a MAX3-SAT instance ¢ and v constructed
from ¢ as above, let M be the maximal number of simultaneously satisfied clauses of ¢, and let
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M’ be the maximal number of simultaneously satisfied clauses of ¥. Towards a contradiction
assume a (% + e)-approximation algorithm for Monotone MAX-SAT and consider a (% +e¢)
approximation A’ that satisfies ¢’ many clauses of 1. Then, by the above observation, we

can construct in polynomial time an assignment for ¢ that satisfies a’ — m many clauses.

23 23
"—m > (= M —m=(= M _
a m_(24—|—e) m (24+e)( +m)—m
23 1
> (22 (= _
_(24—1—6)2\4 (24 e)m
23 1 7
> (=2 (= — = (< :
> (57 +OM = (5~ 92M = (£ +3¢) - M

For the last inequality we used the fact that in each CNF-formula at least a half of the
clauses can be satisfied, i.e., m < 2M. By the above, any (23 + ¢)-approximation algorithm
for Monotone MAX-SAT results in a (% + 3¢)-approximation of the MAX3-SAT instance, a
contradiction. |

Proof of Theorem 38. We show hardness by the following reduction from monotone MAX3-
SAT. Assume we are given an instance of monotone MAX3-SAT; i.e., a CNF formula
= /\'yEFUf‘ ~v with T" being a set of clauses over variables X containing only positive literals
and T being a set of clauses over variables X containing only negative literals. We construct
the following network. The agents are given by V = X UT UT U Uf;ll r‘u Uf;ll I, where
I'" and I are copies of I and I, and there are only two items 7" and F. The (undirected)
edges of G are given by (i) (7,7?) for each v € T UT and copies 4* € T* UT?, and (ii) (z,7)
for each « and variable x with « € v or -z € . Next consider the intrinsic values A; ; in the
valuation functions. For each v € T set Az, = 1, for each v € T set Ap, =1, and \; ; = 0
for all other combinations of ¢ € {T, F'} and j € V. The valuations of the agents for a given
assignment are then given by u;(A) = A4y, - extA(j)yj(|Si(j)’j(A)|), where ext; ;(A) are
s-step function externalities.

Next we show that the maximal number of simultaneously satisfied clauses of ¢ is exactly
the maximal social welfare one can obtain in the network.

1. Consider a truth assignment 7 for ¢ and construct the following item assignment. (i) Agent
x € X gets item T if 7(z) = true and x € X gets item F if 7(z) = false. (ii) For y € T’
agent v and 4’s copies 7¢ get item T, and for v € ' agents v and ~’s copies 7* get item
F. Consider a clause v € I' satisfied by 7 via literal . Then the valuation of agent ~
is one as he has s neighbors, v!, ..., ¥*~! and x, that also get item 7. Now consider a
clause v € T satisfied by 7 via literal ~z. Then the valuation of agent + is one as he has
s neighbors, ', ..., v*~! and z, that also get item F. Thus for each satisfied clause we

achieve a valuation of one.

2. Consider an item assignment and the truth assignment 7 defined by 7(z) = true iff agent
x gets item T. Notice that we can only achieve positive valuation from agents v € TUT.
First consider a agent v € I" that contributes to the social welfare. Then, as « has only
s — 1 neighbors not in X and those neighbors have no neighbors except +, there has
to exist an x € 7 such that agent x gets item T. By definition of 7 we then have that
T satisfies the clause . Second consider an agent v € T’ that contributes to the social
welfare. Then there has to exist an x with -~z € = such that agent = gets item F. Again
by the definition of 7 we then have that 7 satisfies the clause 7. Thus, we have that for
each agent that contributes to the social welfare we satisfy one clause and as each of
these agent contributes exactly 1 the claim follows.
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y1 = (z1 V z2 V x3) = (mz2 V 3 V ﬂM))-@

Figure 4 An illustration of the reduction for (z1 V z2 V a3) A (-2 V —23 V —24) and s = 2.

Now as we have a one-to-one correspondence between the number of satisfied clauses and
the social welfare, not only NP-hardness but also hardness of approximation follows from the
corresponding result for monotone MAX3-SAT. <
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