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Abstract

In fully dynamic clustering problems, a clustering of a given data set in a metric space must
be maintained while it is modified through insertions and deletions of individual points. In
this paper, we resolve the complexity of fully dynamic k-center clustering against both adaptive
and oblivious adversaries. Against oblivious adversaries, we present the first algorithm for fully
dynamic k-center in an arbitrary metric space that maintains an optimal (2 + ε)-approximation
in O(k · polylog(n,∆)) amortized update time. Here, n is an upper bound on the number
of active points at any time, and ∆ is the aspect ratio of the metric space. Previously, the
best known amortized update time was O(k2 · polylog(n,∆)), and is due to Chan, Gourqin,
and Sozio (2018). Moreover, we demonstrate that our runtime is optimal up to polylog(n,∆)
factors. In fact, we prove that even offline algorithms for k-clustering tasks in arbitrary metric
spaces, including k-medians, k-means, and k-center, must make at least Ω(nk) distance queries
to achieve any non-trivial approximation factor. This implies a lower bound of Ω(k) which holds
even for the insertions-only setting.

For adaptive adversaries, we give the first deterministic algorithm for fully dynamic k-center

which achieves a O
(

min
{

log(n/k)
log logn , k

})
approximation in O(k ·polylog(n,∆)) amortized update

time. Further, we demonstrate that any algorithm which achieves a O
(

min
{

logn
k log f(k,2n) , k

})
-

approximation against adaptive adversaries requires f(k, n) update time, for any arbitrary func-

tion f . Thus, in the regime where k = O(
√

logn
log logn ), we close the complexity of the problem

up to polylog(n,∆) factors in the update time. Our lower bound extends to other k-clustering
tasks in arbitrary metric spaces, including k-medians and k-means.

Finally, despite the aforementioned lower bounds, we demonstrate that an update time
sublinear in k is possible against oblivious adversaries for metric spaces which admit locally
sensitive hash functions (LSH), resulting in improved algorithms for a large class of metrics
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Modern Fully Dynamic Data Structures (MoDynStruct)” and from the Austrian Science Fund (FWF)
project “Fast Algorithms for a Reactive Network Layer (ReactNet)”, P 33775-N, with additional
funding from the netidee SCIENCE Stiftung, 2020–2024.

1

ar
X

iv
:2

30
3.

11
84

3v
1 

 [
cs

.D
S]

  2
1 

M
ar

 2
02

3



including Euclidean space, `p-spaces, the Hamming Metric, and the Jaccard Metric. We also
give the first fully dynamic O(1)-approximation algorithms for the closely related k-sum-of-radii
and k-sum-of-diameter problems, with O(poly(k, log ∆)) update time.



Contents

1 Introduction 1
1.1 Our Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Technical Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.1 Algorithm for General Metric Spaces . . . . . . . . . . . . . . . . . . . . . . . 6
1.2.2 Algorithm for LSH Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.2.3 Lower bounds against an oblivious adversary . . . . . . . . . . . . . . . . . . 9
1.2.4 Lower bounds against an adaptive adversary . . . . . . . . . . . . . . . . . . 10
1.2.5 Algorithms for k-Sum-of-radii and k-Sum-of-diameters . . . . . . . . . . . . . 10

1.3 Other Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Preliminaries 12

3 From Fully Dynamic k-Center to k-Bounded MIS 13

4 Fully Dynamic k-Bounded MIS with Vertex Updates 16
4.1 The Data Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
4.2 Correctness of the Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.3 Amortized Update Time Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

5 Fully Dynamic k-Centers via Locally Sensitive Hashing 24
5.1 Locally Sensitive Hashing and the LSH Algorithm . . . . . . . . . . . . . . . . . . . 26
5.2 Corollaries of the LSH Algorithm to Specific Metric Spaces . . . . . . . . . . . . . . 30

6 Algorithm for k-Center Against an Adaptive Adversary 32
6.1 Structural Properties of the Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 33
6.2 Correctness of the Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
6.3 Update Time Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
6.4 Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

7 Algorithms for k-Sum-of-Radii and k-Sum-of-Diameters 37
7.1 Bicriteria Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
7.2 Dynamic Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
7.3 Deferred Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

8 Lower Bound for Arbitrary Metrics 43

9 Lower Bound Against Adaptive Adversaries 48
9.1 Strategy of the Adaptive Adversary . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
9.2 Deferred Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

9.2.1 Adversarial Strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
9.2.2 Lower Bounds for Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . 54



1 Introduction

Clustering is a fundamental and well-studied problem in computer science, which arises in ap-
proximation algorithms, unsupervised learning, computational geometry, classification, community
detection, image segmentation, databases, and other areas [HJ97, Sch07, For10, SM00, AV06,
TSK13, CN12]. The goal of clustering is to find a structure in data by grouping together similar
data points. Clustering algorithms optimize a given objective function which characterizes the
quality of a clustering. One of the classical and best studied clustering objectives is the k-center
objective.

Specifically, given a metric space (X , d) and a set of points P ⊆ X , the goal of k-center clustering
is to output a set C ⊂ X of at most k “centers”, so that the maximum distance of any point p ∈ P
to the nearest center c ∈ C is minimized. In other words, the goal is to minimize the objective
function maxp∈P d(p, C), where d(p, C) = minc∈C d(p, c). The k-center clustering problem admits
several well-known greedy 2-approximation algorithms [Gon85, HS86]. However, it is known to be
NP-hard to approximate the objective to within a factor of (2− ε) for any constant ε > 0 [HN79].
Moreover, even restricted to Euclidean space, it is still NP-hard to approximate beyond a factor of
1.822 [FG88, BE97].

While the approximability of many clustering tasks, including k-center clustering, is fairly well
understood in the static setting, the same is not true for dynamic datasets. Recently, due to the
proliferation of data and the rise of modern computational paradigms where data is constantly
changing, there has been significant interest in developing dynamic clustering algorithms [CASS16,
LV17, CGS18, GHL18, SS19, GHL+21, HK20, HLM20, FLNFS21]. In the incremental dynamic
setting, the dataset P is observed via a sequence of insertions of data points, and the goal is to
maintain a good k-center clustering of the current set of active points. In the fully dynamic setting,
points can be both inserted and deleted from P .

The study of dynamic algorithms for k-center was initated by Charikar, Chekuri, Feder, and
Motwani [CCFM04], whose “doubling algorithm” maintains an 8-approximation in amortized O(k)
update time. However, the doubling algorithm is unable to handle deletions of data points. It
was not until recently that the first fully dynamic algorithm for k-center, with update time better
than naively recomputing a solution from scratch, was developed. In particular, the work of Chan,
Guerqin, and Sozio [CGS18] proposed a randomized algorithm that maintains an optimal (2 + ε)-
approximation in O( log ∆

ε k2) amortized time per update, where ∆ is the aspect ratio of the dataset.
The algorithm is randomized against an oblivious adversary, i.e., the adversary has to fix the input
sequence in advance and cannot adapt it based on the decisions of the algorithm.

Since then, algorithms with improved running time have been demonstrated for the special
cases of Euclidean space [SS19] (albeit, with a larger approximation factor), and for spaces with
bounded doubling dimension [GHL+21]. However, despite this progress, for general metrics the best
known dynamic algorithm for k-center is still the algorithm by Chan et al. [CGS18] and it is open
to find a dynamic algorithm with an update time that is sub-quadratic in k with any non-trivial
approximation guarantee. Furthermore, it is open to find a dynamic algorithm for k-center with
any non-trivial approximation guarantee and update time against an adaptive adversary, i.e., an
adversary that can choose the next update depending on the previous decisions of the algorithm.
Note that deterministic algorithms are necessarily robust against adaptive adversaries, however,
most of the aforementioned algorithms are randomized. This raises the following question.

What are the best possible update times and approximation ratios of
dynamic algorithms for k-center against oblivious and adaptive adversaries?

In addition to k-center, there are other popular clustering objectives whose complexity in the

1



k-center Upper bound Lower bound

Adversary update time approx. ratio update time approx. ratio

Oblivious Õ(k/ε) 2 + ε Ω(k) any

Õ(k2/ε) 2 + ε [CGS18]

Adaptive Õ(k) O
(
min{ log(n/k)

log logn
, k}

)
f(k,n) Ω

(
min{ log(n)

k log f(k,2n)
, k}

)
Table 1: Our main new upper and lower bounds for k-center where f(k, n) is an arbitrary function. The
notation Õ hides factors that are polylogarithmic in n,∆.

fully dynamic model is not fully understood. For example, in the well-studied k-median and k-
means problems, we minimize

∑
p∈P d(p, C) and

∑
p∈P (d(p, C))2, respectively. The latter problems

are special cases of the more general (k, z)-clustering problem, where one minimizes
∑

p∈S d(p, C)z.
There are O(1)-approximation algorithms known for these problems in the offline setting [Gon85,
HS85, HS86, AS16] as well as in the dynamic setting [HK20]. However, as is the case for k-
center, these dynamic algorithms are randomized, and thus far no deterministic dynamic O(1)-
approximation algorithms for these objectives are known.

In addition to k-means and median, a natural variant of the k-center is the k-sum-of-radii
problem (also known as the k-cover problem) where we choose k centers C = {c1, . . . , ck}, and
seek to minimize their sum

∑
i ri where ri is the maximum distance d(p, ci) over all points point

p assigned to ci (i.e., the radius of the clustered centered at ci). Related to this is the k-sum-of-
diameters problem, where one minimizes the sum of the diameters of the clusters. For each of these
closely related variants to k-center, no algorithms with non-trivial guarantees were known to exist.

1.1 Our Contributions

Our main contribution is the resolution of the complexity of fully dynamic k-center clustering, up
to polylogarithmic factors in the update time, against oblivious adversaries, thereby answering the
prior open question, as well as the resolution of the problem against adaptive adversaries for the
regime when k = O(

√
log n/ log log(n+ ∆)). A summary of our upper and lower bounds for fully

dynamic k-center is given in Table 1.

Oblivous adversaries. We first design an algorithm with update time that is linear in k, and
only logarithmic in n and ∆, where n is an upper bound on the number of active points at a
given point in time,1 and ∆ denotes the aspect ratio of the given metric space. Our algorithm
achieves an approximation ratio of 2 + ε, which is essentially tight since it is NP-hard to obtain an
approximation ratio of 2 − ε. This improves on the prior best known quadratic-in-k update time
of [CGS18], for the same approximation ratio.

Theorem 1. There is a randomized fully dynamic algorithm that, on a sequence of insertions
and deletions of points from an arbitrary metric space, maintains a (2 + ε)-approximation to the
optimal k-center clustering. The amortized update time of the algorithm is O( log ∆ logn

ε (k + log n))

in expectation, and O( log ∆ logn
ε (k + log n) log δ−1) with probability 1− δ for any δ ∈ (0, 1

2).

We demonstrate that our update time is tight up to logarithmic factors, even in the insertion
only setting. In fact, our lower bound extends immediately to all the other clustering problems

1We remark that our algorithm does not need to know n or the total number of updates in advance.
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Oblivious adversary Adaptive adversary

update time approx. ratio update time approx. ratio

k-median Ω(k) any f(k,n) Ω
(

log(n)
log f(1,2n)

)
Õ(k2/εO(1)) 5.3 + ε [HK20]

k-means Ω(k) any f(k,n) Ω

((
log(n)

log f(1,2n)

)2)
Õ(k2/εO(1)) 36 + ε [HK20]

(k, z)-clustering Ω(k) any f(k,n) Ω
((

log(n)
z+log f(1,2n)

)z)
k-sum-of-radii Ω(k) any f(k,n) Ω

(
log(n)

log f(1,2n)

)?
kO(1) log ∆ O(1)

k-sum-of-diam. Ω(k) any f(k,n) Ω
(

log(n)
log f(1,2n)

)?
kO(1) log ∆ O(1)

Table 2: Our lower bounds for k-median, k-means, k-sum-of-radii, and k-sum-of-diameter and our upper
bounds for the latter two problems, where f(k, n) is an arbitrary function. For the ratios marked with ?, we
assume that the algorithm also outputs an estimate of the cost of an optimal solution.

defined above, see Table 2 for a further overview of our lower bounds beyond those given in Table 1.

Theorem 2. If a dynamic algorithm for k-center, k-median, k-means, (k, z)-clustering for any
z > 0, k-sum-of-radii, or k-sum-of-diameter has an approximation ratio that is bounded by any
function in k and n, then it has an update time of Ω(k). This holds already if points can only be
inserted but not deleted.

We remark that our lower bound is unconditional, i.e., it does not depend on any complexity
theoretic assumptions. In fact, we prove an even stronger statement: any offline algorithm must
query the distances of Ω(nk) pairs of points in order to guarantee any bounded approximation ratio
with constant probability (see Section 8). The amortized per-update time of Ω(k) for dynamic
insertion-only algorithms then follows immediately.

Deterministic algorithms and adaptive adversaries. For arbitrary metrics, our algorithms
access the metric via queries to a distance oracle returning d(x, y) between any two points which
were inserted (and possibly deleted) up to that point. In the oblivious model, both the underlying
metric and point insertions and deletions are fixed in advance. However, in the adaptive adversary
model, the adversary can adaptively choose the values of d(x, y) based on past outputs of the
algorithm. Thus, the values of d(x, y) are fixed only as they are queried (subject to obeying the
triangle inequality). We refer to this as the metric-adaptive model (see discussion below).

Given our bounds against oblivious adversaries, it is natural to ask whether constant factor
approximations for k-center are also achievable in Õ(k), or even Õ(poly(k)), time against metric-
adaptive adversaries. Perhaps surprisingly, we show that any k-center algorithm with update time
poly-logarithmic in n + ∆ (and arbitrary dependency on k) must incur an essentially logarithmic
approximation factor if it needs to report an estimation of the cost. Moreover, for a large range of k,
such a runtime is not possible even if the algorithm is tasked only with returning an approximately
optimal set of k-centers.
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Theorem 3. For any k ≥ 1, any dynamic algorithm which returns a set of k-centers against a
metric-adaptive adversary with an amortized update time of f(k, n), for an arbitrary function f ,

must have an approximation ratio of Ω
(

min{ log(n)
k log f(k,2n) , k}

)
for the k-center problem. In addition,

even for the case of k = 1, we show that any algorithm with an update time of f(k, n)

• for 1-median has an approximation ratio of Ω
(

log(n)
log f(1,2n)

)
,

• for 1-means has an approximation ratio of Ω

((
log(n)

log f(1,2n)

)2
)

,

• for (1, z)-clustering has an approximation ratio of Ω
((

log(n)
z+log f(1,2n)

)z)
,

• for 1-center, 1-sum-of-radii or 1-sum-of-diameters has an approximation ratio of Ω
(

log(n)
log f(1,2n)

)
if the algorithm is also able to estimate the cost of the optimal clustering.

In particular, Theorem 3 demonstrates that for any k satisfying ω(1) ≤ k ≤ o( logn
log log(n+∆)), there

is no constant-factor approximation algorithm for k-center running in polylog(n,∆) time which is
correct against an adaptive adversary. In fact, we prove even more fine-grained trade-offs between
the update time of an algorithm and the possible approximation ratio (see Section 9 for details).

Separation between Adversarial Models. An important consequence of Theorem 3 is a sep-
aration in the complexity of k-clustering tasks between two distinct types of adaptive adversaries.
Specifically, Theorem 3 is a lower bound for adversaries which decide on the answers to distance
queries on the fly, without having fixed the metric beforehand, subject to the constraint that the
answers are always consistent with some metric. In other words, the metric itself, in addition to
the points which are inserted and deleted, are adaptively chosen (i.e., they are metric-adaptive
adversaries). This is as opposed to the setting where the metric is fixed in advance, and only the
insertions and deletions of points from that space are adaptively chosen (call these point-adaptive
adversaries).

To illustrate the difference, suppose the current active point set is P . When a point-adaptive
adversary inserts a new point q, since the metric is fixed, it must irrevocably decide on the value
of d(p, q) for all p ∈ P . On the other hand, a metric-adaptive adversary can defer fixing these
value until it is queried for them. For example, suppose P = {a, b} and then a point c is inserted,
after which the algorithm queries the adversary for the value of d(a, c), and then makes a (possibly
randomized) decision D based on d(a, c) (e.g. D could be whether to make c a center). Then a
metric-adaptive adversary can adaptively decide on the value of d(b, c) based on the algorithm’s
decision D (subject to not violating the triangle inequality), whereas a point-adaptive algorithm
must have fixed d(b, c) independent of D.

This distinction is nuanced, but has non-trivial consequences. Namely, while Theorem 3 rules
out fully dynamic O(1)-approximation algorithms with polylog(n,∆) update time for k-means and
k-medians for metric-adaptive adversaries, in [HK20] the authors design such algorithms against
point-adaptive adversaries. Thus, Theorem 3 demonstrates that the algorithms of [HK20] would
not have been possible against metric-adaptive adversaries. To the best of our knowledge, this is
the first separation between such adversarial models for dynamic clustering.

Now while the randomized algorithms of [HK20] apply only to the weaker point-adaptive adver-
saries, note that deterministic algorithms are necessarily correct even against the stronger metric-
adaptive adversaries. We show that such a deterministic algorithm in fact exists, with complexity
matching the lower bound of Theorem 3 for k = O(

√
log n/ log logn).

4



Theorem 4. Fix any B ≥ 2 and ε ∈ (0, 1). Then there is a deterministic dynamic algorithm

for k-center with an amortized update time of O
(
kB logn log ∆

ε

)
and an approximation factor of

(4 + ε) min
{

log(n/k)
logB , k

}
. Furthermore, the worst-cast insertion time is O

(
kB logn log ∆

ε

)
, and the

worst-case deletion time is O
(
k2B logn log ∆

ε

)
.

In particular, by setting B = log n, we obtain a fully dynamic and deterministic algorithm for

k-centers with an approximation ratio of O
(

min
{

log(n/k)
log logn , k

})
, which, by Theorem 3, is optimal

for the regime when k = O(
√

logn
log logn) among algorithms that are robust against metric-adaptive

adversaries and whose update time is polylogarithmic in n and ∆. Moreover, that by setting B = nε

for any ε ∈ (0, 1) we obtain a O(1/ε)-approximation in time Õ(knε). Thus, Theorem 4 gives a
deterministic O(1)-approximate algorithm for fully dynamic k-centers running in time Õ(knε) for
any constant ε > 0.

Improved Fully Dynamic k-center via Locally Sensitive Hashing. The lower bound of
Theorem 2 demonstrates that, even against an oblivious adversary, one cannot beat Ω(k) amortized
update time for fully dynamic k-center. However, in [SS19, GHL+21] it was shown that for the
case of Euclidean space or metrics with bounded doubling dimension, update times sublinear in
k are possible. These results rely on nearest neighbor data structures with running times that
are sublinear in k, which are designed specifically for the respective metric spaces, along with
specialized clustering algorithms to employ them. Note that for the case of Euclidean space, the
resulting approximation factors were still logarithmic.

We significantly generalize and strengthen the above results, by demonstrating that any metric
space admitting sublinear time nearest neighbor search data structures also admits fully dynamic
k-center algorithms whose update time is sublinear in k. We do this via a black-box reduction,
showing that we can obtain a fully dynamic algorithm for k-center for any metric space, given a
locally sensitive hash function (LSH) for that space.

Informally, an LSH for a space (X , d) is a hash function h mapping X to some number of hash
buckets, such that closer points in the metric are more likely to collide than far points. Thus, after
hashing a subset S ⊂ X into the hash table, given a query point q ∈ X , to find the closest points
to q in S, it (roughly) suffices to search only through the hash bucket h(q). The “quality” of an
LSH family H is parameterized by four values (r, cr, p1, p2), meaning that for any x, y ∈ X :

• If d(x, y) ≤ r, then Prh∼H [h(x) = h(y)] ≥ p1.

• If d(x, y) > cr, then Prh∼H [h(x) = h(y)] ≤ p2.

Given the above definition, we can now informally state our main result for LSH-spaces (see Section
5 for formal statements).

Theorem 5 (informal). Let (X , d) be a metric space that admits an LSH H with parameters
(r, cr, p1, p2) for every r ≥ 0, and a running time of Time(H). Then there is a fully dynamic
algorithm for k-center on (X , d) with an approximation ratio of c(2 + ε) and an update time of

O
(

log ∆
εp1

n2ρ · Time(H)
)

, where ρ = ln p−1
1 / ln p−1

2 .

Using known LSH hash functions from the literature, Theorem 5 immediately yields improved
state of the art algorithms for Euclidean spaces, the Hamming metric, the Jaccard Metric, and the
Earth Mover Distance (EMD). In particular, our bounds significantly improve the prior best known
results of [SS19] for Euclidean space, by at least a logarithmic factor in the approximation ratio.
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Metric space Our approx. Our runtime Prior approx. Prior runtime

Arbitrary metric space 2 + ε Õ(k) 2 + ε Õ(k2) [CGS18]

(Rd, `p), p ∈ [1, 2] c(4 + ε) Õ(n1/c) O(c · log n) Õ(n1/c) [SS19]

Eucledian space (Rd, `2) c(
√

8 + ε) Õ(n1/c2+o(1)) O(c · log n) Õ(n1/c) [SS19]

Hamming metric c(4 + ε) Õ(n1/c) – –

Jaccard metric c(4 + ε) Õ(n1/c) – –

EMD over [D]d

d = O(1)
O(c · logD) Õ(n1/c) – –

EMD over [D]d

sparsity s
O(c · log sn logd) Õ(n1/c) – –

Table 3: Our upper bounds for Fully Dynamic k-Centers against oblivious adversaries in different metric
spaces. Results for specific metric spaces are obtained by applying known LSH families with Theorem 5.

See Table 3 for an summary of these results, and see Section 5.2 for the formal theorem statements
for each metric space.

k-sum-of-radii and k-sum-of-diameter. Finally, we study the k-sum-of-radii and k-sum-
of-diameter problems, for which there were previously no fully dynamic O(1)-approximation al-
gorithms known with non-trivial update time. We design the first such algorithms, which hold
against oblivious adversaries. Note that, as a consequence of Theorem 3, such a constant-factor
approximation is only possible against an oblivious adversary.

Theorem 6. There are randomized dynamic algorithms for the k-sum-of-radii and the k-sum-of-
diameters problems with update time kO(1/ε) log ∆ and with approximation ratios of 13.008 + ε and
26.016 + ε, respectively, against an oblivious adversary.

Thus, we complete the picture that all clustering problems defined above admit dynamic O(1)-
approximation algorithms against an oblivious adversary, but only (poly-)logarithmic approxima-
tion ratios against an adaptive adversary.

1.2 Technical Overview

We now describe the main technical steps employed in the primary results of the paper. For the
remainder of the section, we fix a metric space (X , d). Let rmin and rmax be values such that
rmin ≤ d(x, y) ≤ rmax for any x, y ∈ X . We set ∆ = rmax/rmin as an upper bound on the aspect
ratio of (X , d). For any fixed point in time, we denote the current input points of a dynamic
clustering algorithm by P , and write n to denote the maximum size of P during the dynamic
stream.

1.2.1 Algorithm for General Metric Spaces

Our starting point is the well-known reduction of Hochbaum and Shmoys [HS86] from approximat-
ing k-center to computing a maximal independent set (MIS) in a collection of threshold graphs.
Formally, given a real r > 0, the r-threshold graph of a point set P is the graph Gr = (V,Er) with
vertex set V = P , and where (x, y) ∈ Er is an edge if and only if d(x, y) ≤ r. One computes an

6



MIS Ir in the graph Gr for each r = (1 + ε)irmin with i = 0, 1, . . . , dlog1+ε ∆e. If |Ir| ≤ k, then Ir
is a k-center solution of cost at most r. If |Ir| > k+ 1, then there are k+ 1 points whose pair-wise
distance is at least r. Therefore, by the triangle inequality, the optimal cost is at least r/2. These
facts together yield a (2 + ε)-approximation.

By the above, it suffices to maintain an MIS in O(ε−1 log ∆) threshold graphs. Now the problem
of maintaining an MIS in a fully dynamic sequence of edge insertions and deletions to a graph is very
well studied [AOSS19, GK18, OSSW18, DZ18, CHHK16, CZ19, BDH+19]. Notably, this line of
work has culminated with the algorithms of [CZ19, BDH+19], which maintain an MIS in expected
polylog n update time per edge insertion or deletion. Unfortunately, point insertions and deletions
from a metric space correspond to vertex insertions and deletions in a threshold graph. Since a
single vertex update can change up to O(n) edges in the graph at once, one cannot simply apply
the prior algorithms for fully dynamic edge updates. Moreover, notice that in this vertex-update
model, we are only given access to the graph via queries to the adjacency matrix. Thus, even
finding a single neighbor of v can be expensive.

On the other hand, observe that in the above reduction to MIS, one does not always need
to compute the entire MIS; for a given threshold graph Gr, the algorithm can stop as soon as it
obtains an independent set of size at least k + 1. This motivates the following problem, which is
to return either an MIS of size at most k, or an independent set of size at least k + 1. We refer to
this as the k-Bounded MIS problem. Notice that given an MIS I of size at most k in a graph G,
and given a new vertex v, if v is not adjacent to any u ∈ I, then I ∪ {v} is an MIS, otherwise I is
still maximal. Thus, while an insertion of a vertex v can add Ω(n) edges to G, for the k-Bounded
MIS problem, one only needs to check the O(k) potential edges between v and I to determine if
I is still maximal. Thus, our goal will be to design a fully dynamic algorithm for k-Bounded MIS
with Õ(k) amortized update time in the vertex-update model.

The Algorithm for k-Bounded MIS. To accomplish the above goal, we will adapt several of
the technical tools employed by the algorithms for fully dynamic MIS in the edge-update model.
Specifically, one of the main insights of this line of work is to maintain the Lexicographically First
Maximal Independent Set (LFMIS) with respect to a random permutation π : V → [0, 1] of the
vertices.2 The LFMIS is a natural object obtained by greedily adding the vertex with smallest π(v)
to the MIS, removing it and all its neighbors, and continuing iteratively until no vertices remain.
Maintaining an LFMIS under a random ranking has several advantages from the perspective of
dynamic algorithms. Firstly, it is history-independent, namely, once π is fixed, the current LFMIS
depends only on the current graph, and not the order of insertions and deletions which led to that
graph. Secondly, given a new vertex v, the probability that adding v to the graph causes a large
number of changes to be made to the LFMIS is small, since π(v) must have been similarly small
for this to occur.

Given the above advantages of an LFMIS, we will attempt to maintain the set LFMISk+1

consisting of the first min{k+ 1, |LFMIS |} vertices in the overall LFMIS with respect to a random
ranking π; we refer to LFMISk+1 as the top-k LFMIS (see Definition 8). Notice that maintaining
this set is sufficient to solve the k-Bounded MIS problem. The challenge in maintaining the set
LFMISk+1 will be to handle the “excess” vertices which are contained in the LFMIS but are not in
LFMISk+1, so that their membership in LFMISk+1 can later be quickly determined when vertices
with smaller rank in LFMISk+1 are removed. To handle these excess vertices, we make judicious
use of a priority queue Q, with vertex priorities given by the ranking π.

Now the key difficulty in dynamically maintaining an MIS is that when a vertex v in an MIS is

2LFMIS with respects to random orderings were considered in [CHHK16, AOSS19, CZ19, BDH+19].
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deleted, potentially all of the neighbors of v may need to be added to the MIS, resulting in a large
update time. Firstly, in order to keep track of which vertices could possibly enter the LFMIS when
a vertex is removed from it, we maintain a mapping ` : V → LFMIS, such that for each u /∈ LFMIS,
we have `(u) ∈ LFMIS and (u, `(u)) is an edge. The “leader” `(u) of u serves as a certificate that
u cannot be added to the MIS. When a vertex v ∈ LFMIS is removed from the LFMIS, we only
need to search through the set Fv = {u ∈ V | `(u) = v} to see which vertices should be added
to the LFMIS. Note that this can occur when v is deleted, or when a neighbor of v with smaller
rank is added to the LFMIS. Consequentially, the update time of the algorithm is a function of
the number points u whose leader `(u) changes on that step. For each such u, we can check in
O(k) time if it should be added to LFMISk+1 by querying the edges between u and the vertices in
LFMISk+1. By a careful amortized analysis, we can prove that the total runtime of this algorithm
is indeed at most an O(k) factor larger than the total number of leader changes. This leaves the
primary challenge of designing and maintaining a leader mapping which changes infrequently.

A natural choice for such a leader function is to set `(u) to be the eliminator of v in the LFMIS.
Here, for any vertex u not in the LFMIS, the eliminator elimπ(u) of u is defined to be its neighbor
with lowest rank that belongs to the LFMIS. The eliminators have the desirable property that they
are also history-independent, and therefore the number of changes to the eliminators on a given
update depends only on the current graph and the update being made. An important key result of
[BDH+19] is that the expected number of changes to the eliminators of the graph, even after the
insertion or removal of an entire vertex, is at most O(log n). Therefore, if we could maintain the
mapping `(v) = elimπ(v) by keeping track of the eliminators, our task would be complete.

Unfortunately, keeping track of the eliminators will not be possible in the vertex-update model,
since we can only query a small fraction of the adjacency matrix after each update. In particular,
when a vertex v is inserted, it may change the eliminators of many of its neighbors, but we cannot
afford to query all Ω(n) potential neighbors of v to check which eliminators have changed. Instead,
our solution is to maintain a leader mapping `(v) which is an “out-of-date” version of the eliminator
mapping. Each time we check if a vertex v can be added to LFMISk+1, by searching through its
neighbors in LFMISk+1, we ensure that either v is added to LFMISk+1 or its leader `(v) is updated
to the current eliminator of v, thereby aligning `(v) with elimπ(v). However, thereafter, the values
of `(v) and elimπ(v) can become misaligned in several circumstances. In particular, the vertex v
may be moved into the queue Q due to its leader `(v) either leaving the LFMIS, or being pushed
out of the top k+ 1 vertices in the LFMIS. In the second case, we show that v can follow its leader
to Q without changing `(v), however, in the first case `(v) is necessarily modified. On the other
hand, as noted, the eliminator of v can also later change without the algorithm having to change
`(v). Our analysis proceeds by a careful accounting, in which we demonstrate that each change in
an eliminator can result in at most a constant number of changes to the leaders `, from which an
amortized bound of O(log n) leader changes follows.

Comparison to the prior k-center algorithm of [CGS18]. The prior fully dynamic k-center
algorithm of Chan, Gourqin, and Sozio [CGS18], which obtained an amortized O(ε−1 log ∆ · k2)
update time, also partially employed the idea of maintaining an LFMIS (although the connection
to MIS under lexicographical orderings was not made explicit in that work). However, instead of
consistently maintaining the LFMIS with respect to a random ranking π, they begin by maintaining
an LFMIS with respect to the ordering π′ in which the points were originally inserted into the
stream. Since this ordering is adversarial, deletions in the stream can initially be very expensive
to handle. To prevent bad deletions from repeatedly occurring, whenever a deletion to a center c
occurs, the algorithm of [CGS18] randomly reorders all points which are contained in clusters that
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come after c in the current ordering being used. In this way, the algorithm of [CGS18] gradually
converts the adversarial ordering π′ into a random ordering π. However, by reordering all points
which occurred after a deleted center c, instead of just the set of points which were led by that
center (via a mapping `), the amortized update time of the algorithm becomes O(k2).3 In contrast,
one of our key insights is to update the entire clustering to immediately reflect a random LFMIS
ordering after each update.

1.2.2 Algorithm for LSH Spaces

The extension of our algorithm to LSH spaces is based on the following observation: each time we
attempt to add a vertex v to LFMISk+1, we can determine the fate of v solely by finding the vertex
u ∈ LFMISk+1 in the neighborhood of v of minimal rank (i.e., the eliminator of v, if it is contained
in LFMISk+1). If π(u) < π(v), we simply set `(v) = u and proceed. Otherwise, we must find all
other neighbors w of v in LFMISk+1, remove them from the LFMIS, and set `(w) = u. Finding the
vertex u can therefore be cast as an r-near neighbor search problem: here, one wants to return any
u ∈ LFMISk+1 which is at distance at most r from u, with the caveat that we need to return such
vertices in order based on their ranking. Since, whenever u enters the LFMIS, each point w that
we search through which leaves LFMISk+1 had its leader change, if we can find each consecutive
neighbor of u in LFMISk+1 in time α, we could hope to bound the total runtime of the algorithm
by an O(α) factor more than the total number of leader changes, which we know to be small by
analysis of the general metric space algorithm.

To achieve values of α which are sublinear in k, we must necessarily settle for an approximate
near neighbor search (ANN) algorithm. A randomized, approximate (r, cr)-nearest neighbor data
structure will return any point in LFMISk+1 which is at distance at most cr, assuming there is at
least one point at distance at most r in LFMISk+1. In other words, such an algorithm can be used
to find all edges in Gr, with the addition of any arbitrary subset of edges in Gcr. By relaxing the
notion of a threshold graph to allow for such a c-approximation, one can hope to obtain a c(2 + ε)-
approximation to k-center via solving the k-Bounded MIS problem on each relaxed threshold graph.

The key issue above is that, when using an ANN data structure, the underlying relaxed threshold
graph is no longer a deterministic function of the point set P , and is instead “revealed” as queries
are made to the ANN data structure. We handle this issue by demonstrating that, for the class of
ANN algorithms based on locally sensitive hash functions, one can define a graph G which is only
a function of the randomness in the ANN data structure, and not the ordering π. The edges of this
graph are defined in a natural way — two points are adjacent if they collide in at least one of the
hash buckets. By an appropriate setting of parameters, the number of collisions between points at
distance larger than cr can be made small. By simply ignoring such erroneous edges as they are
queried, the runtime increases by a factor of the number of such collisions.

1.2.3 Lower bounds against an oblivious adversary

For proving the lower bound of Ω(k) we use the following hard distribution: in one case we randomly
plant k clusters each of size roughly n/k, where points within a cluster are close and points in
separate clusters are far. In the second case, we do the same, and subsequently choose a point i ∼ [n]
randomly and move it very far from all points (including its own cluster). Adaptive algorithms can
gradually winnow the set of possible locations for i by discovering connected components in the

3Consider the stream which inserts k clusters of equal size n/k, and then begins randomly deleting half of each
cluster in reverse order. By the time a constant fraction of all the points are deleted, for each deletion the probability
a leader is deleted is Ω(k/n), but such a deletion causes O(nk) work to be done by the algorithm.
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clusters, and eliminating the points in those components. Our proof follows by demonstrating that
a large fraction of the input distribution results in any randomized algorithm making a sequence
of distance queries which eliminates few data points, and therefore gives only a small advantage in
discovering the planted point i.

1.2.4 Lower bounds against an adaptive adversary

We sketch our main ideas behind the lower bounds against an adaptive adversary. For ease of
presentation, we discuss here a simplified setting in which the algorithm (i) can query only the
distances between points that are currently in P (i.e., that have been introduced already but not
yet removed) and (ii) has a worst-case update time of f(k, n) (rather than amortized update time)
for some function f . Note that these assumptions are not needed for the full proof presented in
Section 9. Our goal is to prove a lower bound on the approximation ratio of such an algorithm.

The adversary starts by adding points into P and maintains an auxiliary graph G = (V,E)
with one vertex vp for each point p. Whenever the algorithm queries the distance between two
points p, p′ ∈ P , the adversary reports that they have a distance of 1 and adds an edge {vp, vp′} of
length 1 to G. Intuitively, the adversary uses G to keep track of the previously reported distances.
Whenever there is a vertex vp with a degree of at least 100f(k, n), in the next operation the
adversary deletes the corresponding point p. There could be several such vertices, and then the
adversary deletes them one after the other. Thanks to assumption (i), once a point p is deleted, the
degree of vp cannot increase further. Hence, the degrees of the vertices in G cannot grow arbitrarily.
More precisely, one can show that the degree of each vertex can grow to at most O(log n · f(k, n)).
In particular, at least half of the vertices in G are at distance at least Ω(logO(logn·f(k,n)) n) =
Ω (log n / [ log log n · log(f(k, n)) ]) to vp.

Now observe that the algorithm knows only the point distances that it queried, i.e., those that
correspond to edges in G. For all other distances, the triangle inequality imposes only an upper
bound for any pairs of points whose corresponding vertices are connected in G. Thus, the algorithm
cannot distinguish the setting where the underlying metric is the shortest path metric in G from
the setting where all points are at distance 1 to each other. If k = 1, for any of the problems under
consideration, then for the selected center c the algorithm cannot distinguish whether all points are
at distance 1 to c or if half of the points in P are at distance Ω (log n / [ log log n · log(f(1, n)) ]) to
c. Therefore, any algorithm which is correct with constant probability will suffer an approximation
of at least Ω (log n / [ log log n · log(f(1, n)) ]).

We improve the above construction so that it also works for algorithms that have amortized
update times, are allowed to query distances to points that are already deleted, and may output
O(k) instead of k centers. To this end, we adjust the construction so that for points with degree of
at least 100f(k, n), where f(k, n) is the (amortized) number of distance queries per operation, we
report distances that might be larger than 1 and that still allow us to use the same argumentation
as above. At the same time, we remove the factor of log logn in the denominator.

1.2.5 Algorithms for k-Sum-of-radii and k-Sum-of-diameters

Our algorithms for k-sum-of-radii and k-sum-of-diameters against an oblivious adversary use the
following paradigm: we maintain bi-criteria approximations, i.e., solutions with a small approxima-
tion ratio that might use more than k centers, i.e., up to O(k/ε) centers. In a second step, we use
the centers of this solution as the input to an auxiliary dynamic instance for which we maintain
a solution with only k centers. These centers then form our solution to the actual problem, by
increasing their radii appropriately. Since the input to our auxiliary instance is much smaller than
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the input to the original instance, we can afford to use algorithms for it whose update times have a
much higher dependence on n, and in fact we can even recompute the whole solution from scratch.

More precisely, recall that in the static offline setting there is a (3.504 + ε)-approximation
algorithm with running time nO(1/ε) for k-sum-of-radii [CP04]. We provide a black-box reduction
that transforms any such offline algorithm with running time of g(n) and an approximation ratio
of α into a fully dynamic (6 + 2α+ ε)-approximation algorithm with an update time of O(((k/ε)5 +
g(poly(k/ε))) log ∆). To this end, we introduce a dynamic primal-dual algorithm that maintains
a bi-criteria approximation with up to O(k/ε) centers. After each update, we use these O(k/ε)
centers as input for the offline α-approximation algorithm, run it from scratch, and increase the
radii of the computed centers appropriately such that they cover all points of the original input
instance.

For computing the needed bi-criteria approximation, there is a polynomial-time offline primal-
dual O(1)-approximation algorithm with a running time of Ω(n2k) [CP04] from which we borrow
ideas. Note that a dynamic algorithm with an update time of (k log n)O(1) yields an offline algorithm
with a running time of n(k log n)O(1) (by inserting all points one after another) and no offline
algorithm is known for the problem that is that fast. Hence, we need new ideas. First, we formulate

the problem as an LP (P ) which has a variable x
(r)
p for each combination of a point p and a radius r

from a set of (suitably discretized) radii R, and a constraint for each point p. Let (D) denote its
dual LP, see below, where z := εOPT′ /k and OPT′ is a (1 + ε)-approximate estimate on the value
OPT of the optimal solution.

min
∑
p∈P

∑
r∈R

x(r)
p (r+ z) max

∑
p∈P

yp

s.t.
∑
p′∈P

∑
r:d(p,p′)≤r

x
(r)
p′ ≥ 1 ∀p ∈ P (P ) s.t.

∑
p′∈P :d(p,p′)≤r

yp′ ≤ r+ z ∀p ∈ P,r ∈R (D)

x(r)
p ≥ 0 ∀p ∈ P ∀r ∈R yp ≥ 0 ∀p ∈ P

We select a point c randomly and raise its dual variable yc. Unlike [CP04], we raise yc only until
the constraint for c and some radius r becomes half-tight, i.e.,

∑
p′:d(c,p′)≤r yp′ = r/2 + z. We show

that then we can guarantee that no other dual constraint is violated, which saves running time
since we need to check only the (few, i.e. |R| many) dual constraints for c, and not the constraints
for all other input points when we raise yc. We add c to our solution and assign it a radius of 2r.
Since the constraint for (c, r) is half-tight, our dual can still “pay” for including c with radius 2r
in our solution.

In primal-dual algorithms, one often raises all primal variables whose constraints have become
tight, in particular in the corresponding routine in [CP04]. However, since we assign to c a radius
of 2r, we argue that we do not need to raise the up to Ω(n) many primal variables corresponding to
dual constraints that have become (half-)tight. Again, this saves a considerable amount of running
time. Then, we consider the points that are not covered by c (with radius 2r), select one of these
points uniformly at random, and iterate. After a suitable pruning routine (which is faster than the
corresponding routine in [CP04]) this process opens k′ = O(k/ε) centers at cost (6 + ε) OPT′, or
asserts that OPT > OPT′. We show that we can maintain this solution dynamically.

As mentioned above, after each update we feed the centers of the bi-criteria approximation
as input points to our (arbitrary) static offline α-approximation algorithm for k-sum-of-radii and
run it. Finally, we translate its solution to a (6 + 2α + ε)-approximate solution to the original
instance. For the best known offline approximation algorithm [CP04] it holds that α = 3.504, and
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thus we obtain a ratio of 13.008 + ε overall. For k-sum-of-diameters the same solution yields a
(26.016 + 2ε)-approximation.

1.3 Other Related Work

k-means and k-median. For k-means [HK20] gave a conditional lower bound against an oblivi-
ous adversary for any dynamic better-than-4 approximate k-means algorithm showing that for any
γ > 0 no algorithm with O(k1−γ) update time and O(k2−γ) query time exists. There exists a
fully dynamic constant approximation algorithm for k-means and k-median with expected amor-
tized update time Õ(n+ k2) that tries to minimize the number of center changes [CAHP+19]. For
d-dimensional Euclidean metric space dynamic algorithms for k-median and k-means exist by com-
bining dynamic coreset algorithms for that metric space with a static algorithm, but their running
time is in O(poly(ε−1, k, log ∆, d)) [FS05, FSS13, BFL+17, SW18].

k-sum-of-radii. For a variant of the sum-of-radii problem [HLM20] gives a fully dynamic algo-
rithm in metric spaces with doubling dimension κ that achieves a O(22κ) approximation in time
O(26κ log ∆).

2 Preliminaries

We begin with basic notation and definitions. For any positive integer n, we write [n] to denote
the set {1, 2, . . . , n}. In what follows, we will fix any metric space (X , d). A fully dynamic stream
is a sequence (p1, σ1), . . . , (pM , σM ) of M updates such that pi ∈ X is a point, and σi ∈ {+,−}
signifies either an insertion or deletion of a point. Naturally, we assume that a point can only be
deleted if it was previously inserted. Moreover, we assume that each point is inserted at most once
before being deleted.

We call a point p ∈ X active at time t if p was inserted at some time t′ < t, and not deleted
anytime between t′ and t. We write P t ⊂ X to denote the set of active points at time t. We let
rmin, rmax be reals such that for all t ∈ [M ] and x, y ∈ P t, we have rmin ≤ d(x, y) ≤ rmax, and set
∆ = rmax/rmin to be the aspect ratio of the point set. As in prior works [CGS18, SS19], we assume
that an upper bound on ∆ is known.

Clustering Objectives. In the k-center problem, given a point set P living in a metric space
(X , d), the goal is to output a set of k centers C = {c1, . . . , ck} ⊂ X , along with a mapping
` : P → {c1, . . . , ck}, such that the following objective is minimized:

cost∞k (C, P ) = max
p∈P

d(p, `(p))

In other words, one would like for the maximum distance from p to the `(p), over all p ∈ P , to
be minimized. A related objective is k-sum-of-radii, where the maximum distance to a point is
considered for each cluster and added instead of taking the maximum:

costRΣ
k (C, P ) =

∑
c∈C

max
p∈`−1(c)

d(p, c)

For the k-sum-of-diameters objective, one considers the pairwise distances of points assigned to the
same clusters instead of the distances from each point to its center.

costDΣ
k (C, P ) =

∑
c∈C

max
p,q∈`−1(c)

d(p, q)
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Additionally, for any real z > 0, we introduce the (k, z)-clustering problem, which is to minimize

costzk(C, P ) =
∑
p∈P

dz(p, `(p))

We will be primarily concerned the the k-center objective, but we introduce the more general
(k, z)-clustering objective, which includes both k-median (for z = 1) and k-means (for z = 2), as
our lower bounds from Section 8 will hold for these objectives as well.

We remark that while `(p) is usually fixed by definition to be the closest point to p in C, the
closest point may not necessarily be easy to maintain in a fully dynamic setting. Therefore, we
will evaluate the cost of our algorithms with respects to both the centers and the mapping ` from
points to centers. For any p ∈ P , we will refer to `(p) as the leader of p under the mapping `, and
the set of all points lead by a given ci is the cluster led by ci.

In addition to maintaining a clustering with approximately optimal cost, we would like for our
algorithms to be able to quickly answer queries related to cluster membership, and enumeration
over all points in a cluster. Specifically, we ask that our algorithm be able to answer the following
queries at any time step t:

Queries to a Fully Dynamic Clustering Algorithm

1. Membership Query: Given a point p ∈ P t, return the center c = `(p) of the cluster
C containing p.

2. Cluster Enumeration: Given a point p ∈ P t, list all points in the cluster C contain-
ing p.

In particular, after processing any given update, our algorithms will be capable of responding
to membership queries in O(1)-time, and to clustering enumeration queries in time O(|C|), where
C is the clustering containing the query point.

3 From Fully Dynamic k-Center to k-Bounded MIS

In this section, we describe our main results for fully dynamic k-center clustering, based on our
main algorithmic contribution, which is presented in Section 4. We begin by describing how the
problem of k-center clustering of P can be reduced to maintaining a maximal independent set
(MIS) in a graph. In particular, the reduction will only require us to solve a weaker version of MIS,
where we need only return a MIS of size at most k, or an independent set of size at least k + 1.
Formally, this problem, which we refer to as the k-Bounded MIS problem, is defined as follows.

Definition 7 (k-Bounded MIS). Given a graph G = (V,E) and an integer k ≥ 1, the k-bounded
MIS problem is to output a maximal independent set I ⊂ V of size at most k, or return an
independent set I ⊂ V of size at least k + 1.

Reduction from k-center to k-Bounded MIS. The reduction from k-center to computing a
maximum independent set in a graph is well-known, and can be attributed to the work of Hochbaum
and Shmoys [HS86]. The reduction was described in Section 1.2, however, both for completeness
and so that it is clear that only a k-Bounded MIS is required for the reduction, we spell out the
full details here.
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Fix a set of points X in a metric space, such that rmin ≤ d(x, y) ≤ rmax for all x, y ∈ X .
Then, for each r = rmin, (1 + ε/2)rmin, (1 + ε/2)2rmin, . . . , rmax, one creates the r-threshold graph
Gr = (V,Er), which is defined as the graph with vertex set V = X, and (x, y) ∈ Er if and only
if d(x, y) ≤ r. One then runs an algorithm for k-Bounded MIS on each graph Gr, and finds the
smallest value of r such that the output of the algorithm Ir on Gr satisfies |Ir| ≤ k — in other
words, Ir must be a MIS of size at most k in Gr. Observe that Ir yields a solution to the k-center
problem with cost at most r, since each point in X is either in Ir or is at distance at most r from a
point in Ir. Furthermore, since the independent set Ir/(1+ε/2) returned from the algorithm run on
Gr/(1+ε/2) satisfies |Ir/(1+ε/2)| ≥ k+1 it follows that there are k+1 points in X which are pair-wise
distance at least r/(1 + ε/2) apart. Hence, the cost of any k-center solution (which must cluster
two of these k+ 1 points together) is at least r/(2 + ε) by the triangle inequality. It follows that I
yields a 2 + ε approximation of the optimal k-center cost.

Note that, in addition to maintaining the centers I, for the purposes of answering membership
queries, one would also like to be able to return in O(1) time, given any x ∈ X , a fixed y ∈ I such
that d(x, y) ≤ r. We will ensure that our algorithms, whenever they return a MIS I with size at
most k, also maintain a mapping ` : V \ I → I which maps any x, which is not a center, to its
corresponding center `(x).

Observe that in the context of k-clustering, insertions and deletions of points correspond to
insertions and deletions of entire vertices into the graph G. This is known as the fully dynamic
vertex update model. Since one vertex update can cause as many as O(n) edge updates, we will not
be able to read all of the edges inserted into the stream. Instead, we assume our dynamic graph
algorithms can query for whether (u, v) is an edge in constant time (i.e., constant time oracle access
to the adjacency matrix).4

Our algorithm for k-Bounded MIS will return a very particular type of MIS. Specifically, we
will attempt to return the first k + 1 vertices in a Lexicographically First MIS (LFMIS), under a
random lexicographical ordering of the vertices.

Lexicographically First MIS (LFMIS). The LFMIS of a graph G = (V,E) according to a
ranking of the vertices specified by a mapping π : V → [0, 1] is a unique MIS defined as by the
following process. Initially, every vertex v ∈ V is alive. We then iteratively select the alive vertex
with minimal rank π(v), add it to the MIS, and then kill v and all of its alive neighbors. We write
LFMIS(G, π) to denote the LFMIS of G under π. For each vertex v, we define the eliminator of v,
denoted elimG,π(v) to be the vertex u which kills v in the above process; namely, elimG,π(v) is the
vertex with smallest rank in the set (N(v) ∪ {v}) ∩ LFMIS(G, π).

Definition 8. Given a graph G = (V,E), π : V → [0, 1], and an integer k ≥ 1, we define the
top-k LFMIS of G with respect to π, denoted LFMISk(G, π) to be the set consisting of the first
min{k, |LFMIS(G, π)|} vertices in LFMIS(G, π) (where the ordering is with respect to π). When
G, π are given by context, we simply write LFMISk.

It is clear that returning a top-(k + 1) LFMIS of G with respect to any ordering will solve the
k-Bounded MIS problem. In order to also obtain a mapping ` from points to their centers in the
independent set, we define the following augmented version of the top-k LFMIS problem, which we
refer to as a top-k LFMIS with leaders.

Definition 9. A top-k LFMIS with leaders consists of the set LFMISk(G, π), along with a leader
mapping function ` : V → V ∪ {⊥}, such that (v, `(v)) ∈ E whenever `(v) 6= ⊥, and such that

4This is equivalent to assuming that distances in the metric space can be computed in constant time, however if
such distances require α time to compute, this will only increase the runtime of our algorithms by a factor of α.
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if LFMISk(G, π) = LFMIS(G, π), then `(v) ∈ LFMISk(G, π) for all v ∈ V \ LFMISk(G, π), and
`(v) = ⊥ for all v ∈ LFMISk(G, π).

Within our algorithm, the event that `(v) = ⊥ will occur only if v itself is a leader in LFMISk,
or if v is among a set of “unclustered” points whose leader mapping to a point in LFMIS may be
out of date. We choose to set `(v) = ⊥ when v ∈ LFMISk is a leader, rather than setting `(v) = v,
to maintain the invariant that (v, `(v)) ∈ E whenever `(v) 6= ⊥.

The main goal of the following Section 4 will be to prove the existence of a Õ(k) amortized
update time algorithm for maintaining a top-k LFMIS with leaders of a graph G under a fully
dynamic sequence of insertions and deletions of vertices from G. Specifically, we will prove the
following theorem.
Theorem 22. There is a algorithm which, on a fully dynamic stream of insertions and deletions
of vertices to a graph G, maintains at all time steps a top-k LFMIS of G with leaders under
a random ranking π : V → [0, 1]. The expected amortized per-update time of the algorithm is
O(k log n+ log2 n), where n is the maximum number active of vertices at any time. Moreover, the
algorithm does not need to know n in advance.

Next, we demonstrate how Theorem 22 immediately implies the main result of this work (The-
orem 1). Firstly, we prove a proposition which demonstrates that any fully dynamic Las Vegas
algorithm with small runtime in expectation can be converted into a fully dynamic algorithm with
small runtime with high probability.

Proposition 10. Let A be any fully dynamic randomized algorithm that correctly maintains a
solution for a problem P at all time steps, and runs in amortized time at most Time(A) in ex-
pectation. Then there is a fully dynamic algorithm for P which runs in amortized time at most
O(Time(A) log δ−1) with probability 1− δ for all δ ∈ (0, 1/2).

Proof. The algorithm is as follows: we maintain at all time steps a single instance of A running on
the dynamic stream. If, whenever the current time step is t, the total runtime of the algorithm
exceeds 4tTime(A), we delete A and re-instantiate it with fresh randomness. We then run the
re-instantiated version of A from the beginning of the stream until either we reach the current time
step t, or the total runtime again exceeds 4tTime(A), in which case we re-instantiate again.

Let M be the total length of the stream. For each i = 0, 1, 2, . . . , dlogMe, let Zi be the number
of times that A is re-instantiated while the current time step is between 2i and 2i+1. Note that the
total runtime is then at most

4 Time(A) ·

M +

dlogMe∑
i=0

2i+1Zi


Fix any i ∈ {0, 1, . . . , dlogMe}, and let us bound the value Zi. Each time that A is restarted when
the current time t step is between 2i and 2i+1, the probability that the new algorithm runs in
time more than 2i+2 Time(A) ≥ 4tTime(A) on the first 2i+1 updates is at most 1/2 by Markov’s
inequality. Thu, the probability that Zi > Ti + 1 is at most 2−Ti , for any Ti ≥ 0. Setting
Ti = log(2/δ) + dlogMe − i, we have

dlogMe∑
i=0

Pr [Zi > Ti + 1] ≤ δ

2

dlogMe∑
i=0

(
1

2

)dlogMe−i

< δ

(1)

In other words, by a union bound, we have Zi ≤ Ti + 1 for all i = 0, 1, 2, . . . , dlogMe, with
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probability at least 1− δ. Conditioned on this, the total runtime is at most

4 Time(A) ·

M +

dlogMe∑
i=0

2i+1(Ti + 1)

 = O

Time(A)

dlogMe∑
i=0

2i(log δ−1 + dlogMe − i)


= O

Time(A)

M log δ−1 +M

dlogMe∑
i=0

i

2i


= O

(
Time(A) ·M log δ−1

)
(2)

which is the desired total runtime.

Given Theorem 22, along with the reduction to top-k LFMIS from k-center described in this
section, which runs O(ε−1 log ∆) copies of a top-k LFMIS algorithm, we immediately obtain a
fully dynamic k-center algorithm with Õ(k) expected amortized update time. By then applying
Proposition 10, we obtain our main theorem, stated below.
Theorem 1. There is a fully dynamic algorithm which, on a sequence of insertions and deletions
of points from a metric space X , maintains a (2 + ε)-approximation to the optimal k-center clus-
tering. The amortized update time of the algorithm is O( log ∆ logn

ε (k + log n)) in expectation, and

O( log ∆ logn
ε (k + log n) log δ−1) with probability 1 − δ for any δ ∈ (0, 1

2), where n is the maximum
number of active points at any time step.

The algorithm can answer membership queries in O(1)-time, and enumerate over a cluster C
in time O(|Ci|).

4 Fully Dynamic k-Bounded MIS with Vertex Updates

Given the reduction from Section 3, the goal of this section will be to design an algorithm which
maintains a top-k LFMIS with leaders (Definition 9) under a graph which receives a fully dynamic
sequence of vertex insertions and deletions. As noted, maintaining a top-(k+1) LFMIS immediately
results in a solution to the k-Bounded MIS problem. We begin by formalizing the model of vertex-
valued updates to dynamic graphs.

Fully Dynamic Graphs with Vertex Updates In the vertex-update fully dynamic setting, at
each time step a vertex v is either inserted into the current graph G, or deleted from G, along with
all edges incident to v. This defines a sequence of graphs G1, G2, . . . , GM , where Gt = (V t, Et) is the
state of the graph after the t-th update. Equivalently, we can think of there being an “underlying”
graph G = (V,E), where at the beginning all vertices are inactive. At each time step, either an
active vertex is made inactive, or vice-versa, and Gt is defined as the subgraph induced by the
active vertices at time t. The latter is the interpretation which will be used for this section.

Since the degree of v may be as large as the number of active vertices in G, our algorithm will
be unable to read all of the edges incident to v when it arrives. Instead, we require only query
access to the adjacency matrix of the underlying graph G. Namely, we assume that we can test in
constant time whether (u, v) ∈ E for any two vertices u, v.

For the purpose of k-center clustering, we will need to maintain a top-k LFMIS with leaders
(LFMISk(G, π), `), along with a Boolean value indicating whether LFMISk(G, π) = LFMIS(G, π).
To do this, we can instead attempt to maintain the set LFMISk+1(G, π), as well as a leader mapping
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function ` : V → V ∪ {⊥}, with the relaxed property that if LFMISk(G, π) = LFMIS(G, π), then
`(v) ∈ LFMIS(G, π) for all v ∈ V \ LFMIS(G, π) and `(v) = ⊥ for all v ∈ LFMIS(G, π). We
call such a leader function ` with this relaxed property a modified leader mapping. Thus, in what
follows, we will focus on maintaining a top-k LFMIS with this modified leader mapping.

4.1 The Data Structure

We now describe the main data structure and algorithm which will maintain a top-k LFMIS with
leaders in the dynamic graph G. We begin by fixing a random mapping π : V → [0, 1], which we
will use as the ranking for our lexicographical ordering over the vertices. It is easy to see that if
|V | = n, then by discretizing [0, 1] so that π(v) can be represented in O(log n) bits we will avoid
collisions with high probability. At every time step, the algorithm will maintain an ordered set
Lk+1 of vertices in a linked list, sorted by the ranking π, with |Lk+1| ≤ k + 1. We will prove
that, after every update t, we have Lk+1 = LFMISk+1(Gt, π).5 We will also maintain a mapping
` : V → V ∪ {⊥} which will be our leader mapping function. Initially, we set `(v) = ⊥ for all v.
Lastly, we will maintain a (potentially empty) priority queue Q of unclustered vertices, where the
priority is similarly given by π.

Each vertex v in Gt will be classified as either a leader, a follower, or unclustered. Intuitively,
when LFMISk(G, π) = LFMIS(G, π), the leaders will be exactly the points in LFMISk(G, π), the
followers will be all other points v which are mapped to some `(v) ∈ LFMISk(G, π) (in other words,
v “follows” `(v)), and there will be no unclustered points. At intermediate steps, however, when
|LFMIS(G, π)| ≥ k+1, we will be unable to maintain the entire set LFMIS(G, π) and, therefore, we
will store the set of all vertices which are not in LFMISk+1 in the priority queue Q of unclustered
vertices. The formal definitions of leaders, followers, and unclustered points follow.

Every vertex currently maintained in Lk+1 is be a leader. Each leader v may have a set of
follower vertices, which are vertices u with `(u) = v, in which case we say that u follows v. By
construction of the leader function `, every follower-leader pair (u, `(u)) will be an edge of G. We
write Fv = {u ∈ V : `(u) = v} to denote the (possibly empty) set of followers of a leader v. For
each leader, the set Fv will be maintained as part of the data structure at the vertex v.

Now when the size of LFMIS exceeds k+ 1, we will have to remove the leader v in LFMIS with
the largest rank, so as to keep the size of Lk+1 at most k + 1. The vertex v will then be moved to
the queue Q, along with its priority π(v). The set Fv of followers of v will continue to be followers
of v — their status remains unchanged. In this case, the vertex v is now said to be an inactive
leader, whereas each leader currently in Lk+1 is called an active leader. If, at a later time, we have
π(v) < maxu∈Lk+1

π(u), then it is possible that v may be part of LFMISk+1, in which case we will
attempt to reinsert the inactive leader v from Q back into Lk+1. Note, importantly, that whenever
π(v) < maxu∈Lk+1

π(u) occurs at a future time step for a vertex v ∈ Q, then either v is part of
LFMISk+1, or it is a neighbor of some vertex u ∈ LFMISk+1 of lower rank. In both cases, we can
remove v from Q and attempt to reinsert it, with the guarantee that after this reinsertion v will
either be an active leader, or a follower of an active leader.

The Unclustered Queue. We now describe the purpose and function of the priority queue
Q. Whenever either a vertex v is inserted into the stream, or it is a follower of a leader `(v)
who is removed from the LFMIS, we must attempt to reinsert v, to see if it should be added to
LFMISk+1. However, if |Lk+1| = k + 1, then the only way that v should be a part of LFMISk+1

(and therefore added to Lk+1) is if π(v) < maxu∈Lk+1
π(u). If this does not occur, then we do not

5We use a separate notation Lk+1, instead of LFMISk+1, to represent the set maintained by the algorithm, until
we have demonstrated that we indeed have Lk+1 = LFMISk+1(Gt, π) at all time steps t.
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need to insert v right away, and instead can defer it to a later time when either |Lk+1| < k + 1 or
π(v) < maxu∈Lk+1

π(u) holds. Moreover, by definition of the modified leader mapping `, we only
need to set `(v) when |LFMISk+1 | < k + 1. We can therefore add v to the priority queue Q.

Every point in the priority queue is called an unclustered point, as they are not currently part of
a valid k-clustering in the graph. By checking the top of the priority queue at the end of processing
each update, we can determine whenever either of the events |Lk+1| ≤ k or π(v) < maxu∈Lk+1

π(u)
holds; if either is true, we iteratively attempt to reinsert the top of the queue until the queue is
empty or both events no longer hold. This will ensure that either all points are clustered (so Q = ∅),
or |Lk+1| = k + 1 and Lk+1 = LFMISk+1 (since no point in the queue could have been a part of
LFMISk+1).

The Leader Mapping. Notice that given a top-k LFMIS, a valid leader assignment is always
given by `(v) = elimG,π(v), where elimG,π(v) is the eliminator of v via π as defined in Section 3;
this is the case since if LFMISk(G, π) = LFMIS(G, π) then each vertex is either in LFMISk(G, π) or
eliminated by one of the vertices in LFMISk(G, π). Thus, intuitively, our goal should be to attempt
to maintain that `(v) = elimG,π(v) for all v /∈ LFMISk(G, π). However, the addition of a new vertex
which enters LFMISk(G, π) can change the eliminators of many other vertices not in LFMISk(G, π).
Discovering which points have had their eliminator changed immediately on this time step would
be expensive, as one would have to search through the followers of all active leaders to see if any
of their eliminators changed. Instead, we note that at this moment, so long as the new vertex does
not share an edge with any other active leader, we do not need to modify our leader mapping.
Instead, we can defer the reassignment of the leaders of vertices v whose eliminator changed on
this step, to a later step when their leaders are removed from LFMISk+1(G, π). Demonstrating
that the number of changes to the leader mapping function `, defined in this way, is not too much
larger than the number of changes to the eliminators of all vertices, will be a major component of
our analysis.

The Algorithm and Roadmap. Our main algorithm is described in three routines: Algorithms
1, 2, and 3. Algorithm 1 handles the inital insertion or deletion of a vertex in the fully dynamic
stream, and then calls at least one of Algorithms 2 or 3. Algorithm 2 handles insertions of vertices
in the data structure, and Algorithm 3 handles deletions of vertices from the data structure. We
begin in Section 4.2 by proving that our algorithm does indeed solve the top-k LFMIS problem
with the desired modified leader mapping. Then, in Section 4.3, we analyze the amortized runtime
of the algorithm.

Algorithm 1: Process Update

Data: An update (v, σ), where σ ∈ {+,−}.
1 if σ = + is an insertion of v then
2 Generate π(v), and set `(v) = ⊥.
3 Call Insert(v, π(v)).

4 if σ = − is a deletion of v then
5 Call Delete(v).
6 while |Q| 6= ∅∧

(
|Lk+1| ≤ k + 1∨minw∈Q π(w) < maxw∈Lk+1

π(w)
)

do
7 u← arg minw∈Q π(w).
8 Delete u from Q, and call Insert(u, π(u)).
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Algorithm 2: Insert(v, π(v))

1 if |Lk+1| = k + 1 ∧ π(v) > maxu∈Lk+1
π(u) then

2 Insert (v, π(v)) into Q.

3 else
4 Compute S = Lk+1 ∩N(v)
5 if S = ∅ then
6 Add v to Lk+1.
7 if |Lk+1| = k + 2 then
8 Let u = arg maxu′∈Lk+1

π(u′).

9 Remove u from Lk+1, and insert (u, π(u)) into Q.

10 else
11 u∗ = arg minu′∈S π(u′)
12 if π(u∗) < π(v) then
13 if v is a leader then
14 For each w ∈ Fv, insert (w, π(w)) to Q, and set `(w) = ⊥
15 Delete the list Fv.
16 Add v to Fu∗ as a follower of u∗, set `(v) = u∗.

17 else
18 For each w ∈ ∪u∈SFu, add (w, π(w)) to Q, and set `(w) = ⊥.
19 For each u ∈ S, set `(u) = v to be a follower of v, remove u from Lk+1, and

delete the list Fu.

Algorithm 3: Delete(v)

1 if v is a follower then
2 Delete v from F`(v), and remove v from the set of vertices.

3 else if v ∈ Q then
4 if v is a leader then
5 For each w ∈ Fv, insert (w, π(w)) to Q, and set `(w) = ⊥
6 Delete the list Fv, and remove v from Q and the set of vertices.

7 else
8 Delete v from Q and the set of vertices.

9 else /* Must have v ∈ Lk+1 */

10

11 For each w ∈ Fv, insert (w, π(w)) to Q, and set `(w) = ⊥
12 Delete the list Fv, and remove v from Lk+1 and the set of vertices.

4.2 Correctness of the Algorithm

We will now demonstrate the correctness of the algorithm, by first proving two Propositions.

Proposition 11. After every time step t, the set Lk+1 stored by the algorithm is an independent
set in G(t).

Proof. Suppose otherwise, and let v, u ∈ Lk+1 be vertices with (v, u) ∈ E. WLOG we have that v
is the vertex which entered Lk+1 most recently of the two. Then we had u ∈ ALG at the moment
that Insert(v, π(v)) was most recently called. Since on the step that Insert(v, π(v)) was most
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recently called the vertex p was added to Lk+1, it must have been that minw∈N(v)∩Lk+1
π(w) > π(v),

thus, in particular, we must have had π(v) < π(u). However, in this case we would have made u a
follower of v at this step and set `(u) = v, which could not have occurred since then u would have
been removed from Lk+1, which completes the proof.

Claim 12. We always have |Lk+1| ≤ k + 1 at all time steps.

Proof. After the first insertion the result is clear. We demonstrate that the claim holds inductively
after each insertion. Only a call to Insert(v) can increase the size of Lk+1, so consider any such
call. If N(v) ∩ Lk+1 is empty, then we add v to Lk+1, which can possibly increase its size to k + 2
if it previously had k + 1 elements. In this case, we remove the element with largest rank and add
it to Q, maintaining the invariant. If there exists a u∗ ∈ N(v)∩Lk+1 with smaller rank than v, we
make v the follower of the vertex in N(v)∩Lk+1 with smallest rank, in which case the size of Lk+1

is unaffected. In the final case, all points in N(v) ∩ Lk+1 have larger rank than v, in which case
all of N(v) ∩ Lk+1 (which is non-empty) is made a follower of v and removed from Lk+1, thereby
decreasing or not affecting the size of Lk+1, which completes the proof.

Proposition 13 (Correctness of Leader Mapping). At any time step, if Lk+1 ≤ k then every vertex
v ∈ V is either contained in Lk+1, or has a leader `(v) ∈ Lk+1 with (v, `(v)) ∈ E.

Proof. After processing any update, we first claim that if Lk+1 ≤ k we have Q = ∅. This follows
from the fact that the while loop in Line 6 of Algorithm 1 does not terminate until one of these
two conditions fails to hold. Thus if Lk+1 ≤ k, every vertex v ∈ V is either contained in Lk+1

(i.e., an active leader), or is a follower of such an active leader, which completes the proof of the
proposition, after noting that we only set `(u) = v when (u, v) ∈ E is an edge.

Lemma 14 (Correctness of the top-k LFMIS). After every time step, we have Lk+1 = LFMISk+1(G, π).

Proof. Order the points in Lk+1 = (v1, . . . , vr) and LFMISk+1(G, π) = (u1, . . . , us) by rank. We
prove inductively that vi = ui. Firstly, note that u1 is the vertex with minimal rank in G. As a
result, u1 could not be a follower of any point, since we only set `(u) = v when π(v) < π(u). Thus
u1 must either be an inactive leader (as it cannot be equal to vj for j > 1) or an unclustered point.
In both cases, one has u1 ∈ Q, which we argue cannot occur. To see this, note that at the end of
processing the update, the while loop in Line 6 of Algorithm 1 would necessarily remove u1 from
Q and insert it. It follows that we must have u1 = v1.

In general, suppose we have vi = ui for all i ≤ j for some integer j < s. We will prove
vj+1 = uj+1. First suppose r, s ≥ j + 1. Now by definition of the LSFMIS, the vertex uj+1 is the
smallest ranked vertex in V \ ∪i≤jN(vi) ∪ {ui}. Since we only set `(u) = v when (u, v) ∈ E is an
edge, it follows that uj+1 cannot be a follower of ui = vi for any i ≤ j. Moreover, since we only
set `(u) = v when π(v) < π(u), it follows that uj+1 cannot be a follower of vi for any i > j, since
π(vi) ≥ π(uj+1) for all i > j. Thus, if vj+1 6= uj+1, it follows that either uj+1 ∈ Q, or uj+1 is a
follower of some vertex u′ ∈ Q with smaller rank than uj+1. Then, similarly as above, in both cases
the while loop in Line 6 of Algorithm 1 would necessarily remove uj+1 (or u′ in the latter case)
from Q and insert it, because π(uj+1) < π(vr), and in the latter case if such a u′ existed we would
have π(u′) < π(uj+1) < π(ur). We conclude that vj+1 = uj+1.

The only remaining possibility is r 6= s. First, if r > s, by Claim 12 we have r ≤ k + 1, and by
Proposition 11 Lk+1 forms a independent set. Thus v1, v2, . . . , vs, vs+1 is an independent set, but
since vi = ui for i ≤ s and LFMISk+1(G, π) = {u1, . . . , us} is a maximal independent set whenever
s ≤ k, this yields a contradiction. Finally, if r < s, consider the vertex ur+1. Since ui = vi for
all i ≤ r, ur+1 cannot be a follower of vi for any i ∈ [r]. As a result, it must be that either
ur+1 ∈ Q or ur+1 is a follower of a vertex in Q. In both cases, at the end of the last update, we
had |Lk+1| = r ≤ k and Q 6= ∅, which cannot occur as the while loop in Line 6 of Algorithm 1
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would not have terminated. It follows that r = s, which completes the proof.

4.3 Amortized Update Time Analysis

We now demonstrate that the above algorithm runs in amortized Õ(k)-time per update. We begin
by proving a structural result about the behavior of our algorithm. In what follows, let Gt be the
state of the graph after the t-th update. Similarly, let `t(v) ∈ V ∪ {⊥} be the value of `(v) after
the t-th update.

Proposition 15. Let Insert(v1, π(v1)), Insert(v2, π(v2)), . . . , Insert(vr, π(vr)) be the ordered se-
quence of calls to the Insert function (Algorithm 2) which take places during the processing of any
individual update in the stream. Then we have π(v1) < π(v2) < · · · < π(vr). As a corollary, for
any vertex v the function Insert(v, π(v)) is called at most once per time step.

Proof. Assume r > 1, since otherwise the claim is trivial. To prove the proposition it will suffice
to show two facts: (1) whenever a call to Insert(vi, π(vi)) is made, π(vi) is smaller than the rank
of all vertices in the queue Q, and (2) a call to Insert(vi, π(vi)) can only result in vertices with
larger rank being added to Q.

To prove (1), note that after the first call to Insert(v1, π(v1)), which may have been triggered
directly as a result of v1 being added to the stream at that time step, all subsequent calls to Insert

can only be made via the while loop of Line 6 in Algorithm 1, where the point with smallest rank
is iteratively removed from Q and inserted. Thus, fact (1) trivially holds for all calls to Insert

made in this while loop, and it suffices to prove it for Insert(v1, π(v1)) in the case that v1 is added
to the stream at the current update (if v1 was added from the queue, the result is again clear).
Now if Q 6= ∅ at the moment Insert(v1, π(v1)) is called, it must be the case that |Lk+1| = k + 1
and minw∈Q π(w) > maxw∈Lk+1

π(w) (otherwise the queue would have been emptied at the end of
the prior update). Thus, if it were in fact the case that π(v1) > minw∈Q π(w), then we also have
π(v1) > maxw∈Lk+1

π(w), and therefore the call to Insert(v1, π(v1)) would result in inserting v1

into Q on Line 1 of Algorithm 2. Such an update does not modify Lk+1, and does not change the
fact that minw∈Q π(w) > maxw∈Lk+1

π(w), thus the processing of the update will terminate after
the call to Insert(v1, π(v1)) (contradicting the assumption that r > 1), which completes the proof
of (1).

To prove (2), note that there are only three ways for a call to Insert(vi, π(vi)) to result in a
vertex u being added to Q. In the first case, if `(u) was an active leader which was made a follower
of vi as a result of Insert(vi, π(vi)), then we have π(u) < π(`(u)) < π(vi). Next, we could have
had `(u) = vi (in the event that vi was an inactive leader being reinserted from Q), in which case
π(u) < π(vi). Finally, it could be the case that u was the active leader in Lk+1 prior to the call
to Insert(vi, π(vi)), and was then removed from Lk+1 as a result of the size of Lk+1 exceeding
k+ 1 and u having the largest rank in Lk+1. This can only occur if vi was added to Lk+1 and had
smaller rank than u, which completes the proof of (2).

Since by (1) every time Insert(vi, π(vi)) is called π(vi) is smaller than the rank of all vertices in
the queue, and by (2) the rank of all new vertices added to the queue as a result of Insert(vi, π(vi))
will continue to be larger than π(vi), it follows that vi+1, which by construction must be the vertex
with smallest rank in Q after the call to Insert(vi, π(vi)), must have strictly larger rank than vi,
which completes the proof of the proposition.

The following proposition is more or less immediate. It implies, in particular, that a point can
only be added to Q once per time step (similarly, v can be removed from Q once per time step).

Proposition 16. Whenever a vertex v in the queue Q is removed and Insert(v, π(v)) is called,
the vertex v either becomes a follower of an active leader, or an active leader itself.
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Proof. If v shares an edge with a vertex in Lk+1 with smaller rank, it becomes a follower of such
a vertex. Otherwise, all vertices in N(v) ∩ Lk+1 become followers of v, and v becomes an active
leader by construction (possibly resulting in an active leader of larger rank to be removed from
Lk+1 as a result of it no longer being contained in LFMISk+1).

Equipped with the prior structural propositions, our approach for bounding the amortized
update time is to first observe that, on any time step t, our algorithm only attempts to insert a
vertex v, thereby spending O(k) time to search for edges between v and all members of Lk+1, if
either v was the actual vertex added to the stream on step t, or when v was added to Q on step
t or before. Thus, it will suffice to bound the total number of vertices which are ever added into
Q — by paying a cost O(k + log n) for each vertex v which is added to the queue, we can afford
both the initial O(log n) cost of adding it to the priority queue, as well as the O(k) runtime cost
of possibly later reinserting v during the while loop in Line 6 of Algorithm 1. We formalize this in
the following proposition.

Proposition 17. Let T be the total number of times that a vertex is inserted into the queue Q over
the entire execution of the algorithm, where two insertions of the same vertex v on separate time
steps are counted as distinct insertions. Then the total runtime of the algorithm, over a sequence
of M insertions and deletions, is at most O(T (k+ log n) +Mk), where n is the maximum number
of vertices active at any given time.

Proof. Note that the only actions taken by the algorithm consist of adding and removing vertices
v from Q (modifying the value of `(v) in the process, and possibly deleting Fv), and computing
Lk+1 ∩N(v) for some vertex v. The latter requires O(k) time since we have |Lk+1| ≤ k + 1 at all
time steps. Given O(log n) time to insert or query from a priority queue with at most n items, we
have that O(T log n) upper bounds the cost of all insertions and deletions of points to Q. Moreover,
all calls to compute Lk+1 ∩N(v) for some vertex v either occur when v is the vertex added to the
stream on that time step (of which there is at most one), or when v is inserted after previously
having been in Q. By paying each vertex v a sum of O(k) when it is added to Q, and paying
O(k) to each vertex when it is first added to the stream, it can afford the cost of later computing
Lk+1 ∩ N(v) when it is removed. This results in a total cost of O(T (k + log n) + Mk), which
completes the proof.

In what follows, we focus on bounding the quantity T . To accomplish this, observe that a vertex
v can be added to Q on a given time step t in one of three ways:

Scenarios where v is added to Q

1. The vertex v was added in the stream on time step t. In this case, v is added to Q when
the if statement on Line 1 of Algorithm 2 executes.

2. The vertex v is added to Q when it was previously led by `t−1(v) ∈ V , and either `t−1(v)
becomes a follower of another leader during time step t (resulting in v being added to
Q), or `t−1(v) is deleted. This can occur in either Lines 14 or 18 of Algorithm 2 for the
first case, or in Lines 5 or 11 of Algorithm 3 in the case of `t−1(v) being deleted.

3. The vertex v was previously in LFMISk+1, and subsequently left LFMISk+1 because
|LFMISk+1 | = k + 1 and a new vertex u was added to LFMISk+1 with smaller rank.
This occurs in Line 9 of Algorithm 2.

Obviously, the first case can occur at most once per stream update, so we will focus on bounding
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the latter two types of additions to Q. For any step t, define Atπ to be the number of vertices that
are added to Q as a result of the second form of insertions above. Namely, Atπ = |{v ∈ Gt : `t−1(v) ∈
V, and `t(v) 6= `t−1(v)}|. Next, define Btπ to be the number of leaders which were removed from
Lk+1 Line 9 of Algorithm 2 (i.e., insertions into Q of the third kind above). Letting T be as in
Proposition 17, we have T ≤M +

∑
tAtπ + Btπ.

To handle
∑

tAtπ and
∑

t Btπ, we demonstrate that each quantity can be bounded by the total
number of times that the eliminator of a vertex changes. Recall from Section 3 that, given a graph
G = (V,E), v ∈ V , and ranking π : V → [0, 1], the eliminator of v, denoted elimG,π(v), is defined
as the vertex of smallest rank in the set (N(v) ∪ {v}) ∩ LFMIS(G, π). Now define Ctπ to be the
number of vertices whose eliminator changes after time step t. Formally, for any two graphs G,G′

differing in at most once vertex, we define Cπ(G,G′) = {v ∈ V | elimG,π(v) 6= elimG′,π(v)}, and set
Ctπ = |Cπ(Gt−1, Gt)|. We now demonstrate that

∑
t Ctπ deterministically upper bounds both

∑
tAtπ

and
∑

t Btπ.

Lemma 18. Fix any ranking π : V → [0, 1]. Then we have
∑

tAtπ ≤ 5
∑

t Ctπ, and moreover for
any time step t we have Btπ ≤ Ctπ.

Proof. We first prove the second statement. Fix any time step t, and let v1, . . . , vr be the r = |Btπ|
vertices which were removed from Lk+1, ordered by the order in which they were removed from
Lk+1. For this to occur, we must have inserted at least r vertices u1, . . . , ur into Lk+1 which were
not previously in Lk+1 on the prior step; in fact, Line 9 of Algorithm 2 induces a unique mapping
from each vi to the vertex ui which forced it out of Lk+1 during a call to Insert(ui, π(ui)). Note
that, under this association, we have π(ui) < π(vi) for each i. We claim that the eliminator of each
such ui changed on time step t.

Now note that {u1, . . . , ur} and {v1, . . . , vr} are disjoint, since ui was inserted before ui+1 during
time step t by the definition of the ordering, and so π(u1) < π(u2) < · · · < π(ur) by Proposition 15,
so no ui could be later kicked out of Lk+1 by some uj with j > i. It follows that none of u1, . . . , ur
were contained in LFMISk+1(Gt−1, π), but they are all in LFMISk+1(Gt, π). Now note that it
could not have been the case that ui ∈ LFMIS(Gt−1, π), since we had vi ∈ LFMISk+1(Gt−1, π) but
π(ui) < π(vi). Thus ui /∈ LFMIS(Gt−1, π), and therefore the eliminator of ui changed on step t
from elimGt−1,π(ui) 6= ui to elimGt,π(ui) = ui, which completes the proof of the second statement.

We now prove the first claim that
∑

tAtπ ≤ 5
∑

t Ctπ. Because a vertex can be inserted into Q
at most once per time step (due to Proposition 16), each insertion Q which contributes to

∑
tAtπ

can be described as a vertex-time step pair (v, t), where we have `t(v) 6= `t−1(v) ∈ V because either
`t−1(v) became a follower of a vertex in LFMISk+1(Gt, π), or because `t−1(v) was deleted on time
step t. We will now need two technical claims.

Claim 19. Consider any vertex-time step pair (v, t) where `t(v) ∈ V and `t−1(v) 6= `t(v). In other
words, v was made a follower of some vertex `t(v) during time step t. Then `t(v) = elimGt,π(v).

Proof. First note that the two statements of the claim are equivalent, since if `(v) is set to u ∈ V
during time step t, then by Proposition 15 we have that `(v) is not modified again during the
processing of update t, so u = `t(v). Now the algorithm would only set `t(v) = u in one of two
cases. In this first case, it occurs during a call to Insert(v, π(v)), in which case `t(v) is set to the
vertex with smallest rank in LFMISk+1(Gt, π) ∩ N(v), which by definition is elimGt,π(v). In the
second case, v was previously in LFMISk+1(Gt−1, π), and `(v) was changed to a vertex w during a
call to Insert(w, π(w)), where w ∈ N(v) and π(w) < π(v). Since prior to this insertion v was not
a neighbor of any point in LFMISk+1(Gt−1, π), and since by Proposition 15 the Insert function
will not be called again on time t for a vertex with rank smaller than w, it follows that w has the
minimum rank of all neighbors of v in LFMIS(Gt, π), which completes the claim.
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Claim 20. Consider any vertex-time step pair (v, t) where `t(v) = ⊥ and `t−1(v) = elimGt−1,π(v).
Then elimGt−1,π(v) 6= elimGt,π(v).

Proof. If `t−1(v) = elimGt−1,π(v), then elimGt−1,π(v) ∈ v and `t(v) is changed to ⊥ during time
step t, then as in the prior claim, this can only occur if `t−1(v) is made a follower of another point
in LFMISk+1(Gt, π), or if `t−1(v) is deleted on that time step. In both cases we have `t−1(v) /∈
LFMIS(Gt, π). Since elimGt,π(v) is always in LFMIS(Gt, π), the claim follows.

Now fix any vertex v, and let σ1, . . . , σM be the sequence of eliminators of v, namely σt =
elimGt,π(v) (note that σt is either a vertex in V or σt = ∅). Similarly define λ1, . . . , λM by λt = `t(v),
and note that λt ∈ V ∪ {⊥}. To summarize the prior two claims: each time λt−1 6= λt and λt ∈ V ,
we have σt = λt; namely, the sequences become aligned at time step t. Moreover, whenever the two
sequences are aligned at some time step t, namely σt = λt, and subsequently λt+1 = ⊥, we have
that σt+1 6= σt. We now prove that every five subsequent changes in the value of λ cause at least
one unique change in σ.

To see this, let t1 < t2 < t3 be three subsequent changes, so that λt1 6= λt1−1, λt2 6= λt2−1,
λt3 6= λt3−1, and λi does not change for all i = t1, . . . , t2 − 1 and i = t2, . . . , t3 − 1. First, if
λt1 , λt2 ∈ V , by Claim 19 we have σt1 = λt1 and σt2 = λt2 , and thus σt1 6= σt2 , so σ changes
in the interval [t1, t2]. If λt1 ∈ V and λt2 = ⊥, we have σt1 = λt1 , and so if σ does not change
by time t2 − 1 we have σt2−1 = λt2−1, and thus σt2 6= σt2−1 by Claim 20, so σ changes in the
interval [t1, t2]. Finally, if λt1 = ⊥, then we must have λt2 ∈ V , and so λt3 = ⊥. Then by the prior
argument, σ must change in the interval [t2, t3]. Thus, in each case, σ must change in the interval
[t1, t3]. To avoid double counting changes which occur on the boundary, letting t1, . . . , tr be the
sequence of all changes in λ, it follows that there is at least one change in σ in each of the disjoint
intervals (t5i+1, t5(i+1)) for i = 0, 1, 2, . . . , br/5c. It follows that

∑
tAtπ ≤ 5

∑
t Ctπ, which completes

the proof.

The following theorem, due to [BDH+19], bounds the expected number of changes of eliminators
which occur when a vertex is entirely removed or added to a graph.

Theorem 21 (Theorem 3 of [BDH+19]). Let G = (V,E) be any graph on n vertices, and let
G′ = (V ′, E′) be obtained by removing a single vertex from V along with all incident edges. Let
π : V → [0, 1] be a random mapping. Let Cπ(G,G′) = {v ∈ V | elimG,π(v) 6= elimG′,π(v)}. Then we
have Eπ [|Cπ(G,G′)|] = O(log n).

Theorem 22. There is a algorithm which, on a fully dynamic stream of insertions and deletions
of vertices to a graph G, maintains at all time steps a top-k LFMIS of G with leaders (Definition
9) under a random ranking π : V → [0, 1]. The expected amortized per-update time of the algorithm
is O(k log n + log2 n), where n is the maximum number active of vertices at any time. Moreover,
the algorithm does not need to know n in advance.

Proof. By the above discussion, letting T be as in Proposition 17, we have T ≤ M +
∑

tAtπ + Btπ.
By the same proposition, the total update time of the algorithm over a sequence of n updates is at
most O(T (k + log n) + kM). By Lemma 18, we have

∑
tAtπ + Btπ ≤ 6

∑
t Ctπ, and by Theorem 21

we have Eπ
[∑

t Ctπ
]

= O(M log n). It follows that E [T ] = O(M log n), therefore the total update
time is O(kM log n+M log2 n), which completes the proof.

5 Fully Dynamic k-Centers via Locally Sensitive Hashing

In this section, we demonstrate how the algorithm for general metric spaces of Section 4 can be
improved to run in sublinear in n amortized update time, even when k = Θ(n), if the metric in
question admits good locally sensitive hash functions (introduced below in Section 5.1). Roughly
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speaking, a locally sensitive hash function is a mapping h : X → U , for an universe U , which
has the property that points which are close in the metric should collide, and points which are far
should not. Thus, when searching for points which are close to a given x ∈ X , one can first apply a
LSH to quickly prune far points, and search only through the points in the hash bucket h(x). We
will use this approach to speed up the algorithm from Section 4.

There are several serious challenges when using an arbitrary ANN data structure to answer
nearest-neighbor queries for our k-center algorithm. Firstly, the algorithm adaptively queries the
ANN data structure: the points which are inserted into LFMISk+1, as well as the future edges
which are reported by the data structure, depend on the prior edges which were returned by the
data structure. Such adaptive reuse breaks down traditional guarantees of randomized algorithms,
hence designing such algorithms which are robust to adaptivity is the subject of a growing body of
research [BEJWY20, CN20, HKM+20, WZ22, ACSS21]. More nefariously, the adaptivity also goes
in the other direction: namely, the random ordering π influences which points will be added to the
set LFMISk+1, in turn influencing the future queries made to the ANN data structure, which in
turn dictate the edges which exist in the graph (by means of queries to the ANN oracle). Thus,
the graph itself cannot be assumed to be independent of π! However, we show that we can leverage
LSH functions to define the graph independent of π.

Summary of the LSH-Based Algorithm. We now describe the approach of our algorithm for
LSH spaces. Specifically, first note that the factor of k in the amortized update time in Proposition
17 comes from the time required to compute S = Lk+1 ∩ N(v) in Algorithm 2. However, to
determine which of the three cases we are in for the execution of Algorithm 2, we only need to
be given the value u∗ = arg minu′∈S π(u′) of the vertex in S with smallest rank, or S = ∅ if none
exists. If S = ∅, then the remainder of Algorithm 2 runs in constant time. If π(u∗) < π(v), where
v is the query point, then the remaining run-time is constant unless v was a leader, in which case
it is proportional to the number of followers of v, each of which are inserted into Q at that time.
Lastly, if π(u∗) > π(v), then we search through each u ∈ S, make u a follower of v, and add the
followers of u to Q. If u was previously in Lk+1, it must have also been in LFMISk+1 on the prior
time step. Thus it follows that each such u ∈ S changes its eliminator on this step.

In summary, after the computation of S = Lk+1 ∩N(v), the remaining runtime is bounded by
the sum of the number of points added to Q, and the number of points that change their eliminator
on that step. Since, ultimately, the approach in Section 4.3 was to bound T by the total number
of times a point’s eliminator changes, our goal will be to obtain a more efficient data structure for
returning S = Lk+1 ∩N(v). Specifically, if after a small upfront runtime R, such a data structure
can read off the entries of S in the order of the rank, each in constant time, one could therefore
replace the factor of k at both parts of the sum in the running time bound of Proposition 17 by R.
We begin by formalizing the guarantee that such a data structure should have.

We will demonstrate that approximate nearest neighbor search algorithms based on locally
sensitive hashing can be modified to have the above properties. However, since such an algorithm
will only be approximate, it will sometimes returns points in S which are farther than distance r
from v, where r is the threshold. Thus, the resulting graph defined by the locally sensitive hashing
procedure will now be an approximate threshold graph:

Definition 23. Fix a point set P from a metric space (X , d), and real values r > 0 and c ≥ 1. A
(r, c, L)-approximate threshold graph Gr,c = (V (Gr,c), E(Gr,c)) for P is any graph with V (Gr,c) = P ,
and whose whose edges satisfy E(Gr) ⊆ E(Gr,c) and |E(Gr,c) \E(Gcr)| ≤ L, where E(Gr), E(Gcr)
are the edge set of the threshold graphs Gr, Gcr respectively.

If L = 0, it is straightforward to see that an algorithm for solving the top-k LFMIS problem
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on a (r, c, 0)-approximate threshold graph Gr,c can be used to obtain a c(2 + ε) approximation
to k-center. When L > 0, an algorithm can first check, for each edge e ∈ E(Gr,c) it considers,
whether e ∈ Grc, and discard it if it is not the case. We will see that the runtime of handling a
(r, c, L)-approximate threshold graph will depend linearly on L. Moreover, we will set parameters
so that L is a constant in expectation.

5.1 Locally Sensitive Hashing and the LSH Algorithm

We begin by introducing the standard definition of a locally sensitive hash family for a metric space
[IM98].

Definition 24 (Locally sensitive hashing [IM98, HPIM12]). Let X be a metric space, let U be a
range space, and let r ≥ 0 c ≥ 1 and 0 ≤ p2 ≤ p1 ≤ 1 be reals. A family H = {h : X → U} is called
(r, cr, p1, p2)-sensitive if for any q, p ∈ X :

• If d(p, q) ≤ r, then PrH [h(q) = h(p)] ≥ p1.

• If d(p, q) > cr, then PrH [h(q) = h(p)] ≤ p2.

Given a (r, cr, p1, p2)-sensitive family H, we can define Ht to be the set of all functions ht : X →
U t defined by ht(x) = (h1(x), h2(x), . . . , ht(x)), where h1, . . . , hk ∈ H. In other words, a random
function from Ht is obtained by drawing t independent hash functions from H and concatenating
the results. It is easy to see that the resulting hash family Ht is (r, cr, pt1, p

t
2)-sensitive. We now

demonstrate how a (r, c)-approximate threshold graph can be defined via a locally sensitive hash
function.

Definition 25. Fix a metric space (X , d) and a finite point set P ⊂ X , as well as integers t, s ≥ 1.
Let H : X → U be a (r, cr, p1, p2)-sensitive family. Then a graph Gr,cr(P,H, t, s) = (V,E) induced
by H is a random graph which is generated via the following procedure. First, one randomly selects
hash functions h1, h2, . . . , hs ∼ Ht. Then the vertex set is given by V = P , and then edges are
defined via (x, y) ∈ E if and only if hi(x) = hi(y) for some i ∈ [s].

We now demonstrate that, if H is a sufficiently sensitive hash family, the random graph
Gr,cr(P,H, t, s) constitutes a (r, c, L)-approximate threshold graph with good probability, where
L is a constant in expectation.

Proposition 26. Fix a metric space (X , d) and a point set P ⊂ X of size |P | = n, and let
H : X → U be a (r, cr, p1, p2)-sensitive family. Fix any δ ∈ (0, 1

2). Set s = ln(n2/δ)n2ρ/p1, where
ρ = ln 1

p1
/ ln 1

p2
, and t = d2 log1/p2 ne. Then, with probability at least 1 − δ, the the random graph

Gr,cr(P,H, t, s) is a (r, c, L)-approximate threshold graph, where L is a random variable satisfying
E [L] < 2 (Definition 23).

Proof. First, fix any x, y ∈ P such that d(x, y) > cr. We have that Prh∼Hk [h(x) = h(y)] ≤ pt2 < 1
n2 .

It follows that

E
h1,...,hs∼Ht

[|E(Gr,cr(P,H, t, s) \ E(Gr)|] ≤
∑

(x,y)∈P 2

1

n2
< 1

Namely, we have E [L] < 1 where L = |E(Gr,cr(P,H, t, s) \ E(Gr)|. Next, fix any (x, y) ∈ E(Gr).
We have

Pr
h∼Hk

[h(x) = h(y)] ≥ pt1 > p
2 log1/p2

n+1

1 = p1(n2)−ρ

Thus, the probability that at least one hi satisfies hi(x) = hi(y) is at least

1− (1− p1n
−2ρ)s > 1− (1/e)ln(n2/δ) = 1− δ/n2
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After a union bound over all such possible pairs, it follows that (x, y) ∈ E(Gr,cr(P,H, t, s)) for all
(x, y) ∈ E(Gr) with probability at least 1 − δ. Note that since δ < 1/2 and L is a non-negative
random variable, it follows that conditioning on the prior event can increase the expectation of L
by at most a factor of 2, which completes the proof.

We will now describe a data structure which allows us to maintain a subset L of vertices of the
point set P , and quickly answer queries for neighboring edges of a vertex v in the graph G defined
by the intersection of Gr,cr(P,H, t, s) and Gcr. Note that if Gr,cr(P,H, t, s) is a (r, c, L)-approximate
threshold graph, then this intersection graph G satisfies Gr ⊆ G ⊆ Gcr, and is therefore a (r, c, 0)-
approximate threshold graph. It is precisely this graph G which we will run our algorithm for top-k
LFMIS on. However, in addition to finding all neighbors of v in L, we will also need to quickly
return the neighbor with smallest rank π, where π : V → [0, 1] is a random ranking as in Section
4. Roughly, the data structure will hash all points in L into the hash buckets given by h1, . . . , hs,
and maintain each hash bucket via a binary search tree of depth O(log n), where the ordering is
based on the ranking π.

For the following Lemma and Theorem, we fix a metric space (X , d) and a point set P ⊂ X of
size |P | = n, as well as a scale r > 0, and approximation factor c. Moreover, let H : X → U be a
(r, cr, p1, p2)-sensitive hash family for the metric space X , and let Time(H) be the time required to
evaluate a hash function h ∈ H. Furthermore, let π : P → [0, 1] be any ranking over the points P ,
such that π(x) is truncated to O(log n) bits, and such that π(x) 6= π(y) for any distinct x, y ∈ P
(after truncation). Note that the latter holds with probability 1−1/poly(n) if π is chosen uniformly
at random. Lastly, for a graph G = (V (G), E(G)), let NG(v) be the neighborhood of v in G (in
order to avoid confusion when multiple graphs are present).

Lemma 27. Let Gr,cr(P,H, t, s) be a draw of the random graph as in Definition 25, where r, c, P,H
are as above, such that Gr,cr(P,H, t, s) is a (r, c, L)-approximate threshold graph. Let G = Gr,cr(P,H, t, s)∩
Gcr. Then there is a fully dynamic data structure, which maintains a subset L ⊂ V (G) and can
perform the following operations:

• Insert(v): inserts a vertex v into L in time O(s log n+ tsTime(H))

• Delete(v): deletes a vertex v from L in time O(s log n+ tsTime(H))

• Query-Top(v): returns u∗ = arg minu∈NG∩L π(u), or Empty if NG(v) ∩ L = ∅, in time
O(sL log n+ tsTime(H))

• Query-All(v): returns the set NG(v) ∩ L, running in time O(s(|NG(v) ∩ L| + L) log n +
tsTime(H)).

Moreover, given the hash functions h1, . . . , hs ∈ Ht which define the graph Gr,cr(P,H, t, s), the
algorithm is deterministic, and therefore correct even against an adaptive adversary.

Proof. For each i ∈ [s] and hash bucket b ∈ U , we store a binary tree Ti,b with depth at most
O(log n), such that each node z corresponds to an interval [a, b] ⊂ [0, 1], and the left and right
children of z correspond to the intervals [a, (a + b)/2] and [(a + b/2), b], respectively. Moreover,
each node z maintains a counter for the number of points in L which are stored in its subtree.
Given a vertex v with rank π(v), one can then insert v into the unique leaf of Ti,b corresponding to
the O(log n) bit value π(v) in time O(log n). Note that, since the keys π(v) are unique, each leaf
contains at most one vertex. Similarly, one can remove and search for a vertex from Ti,b in time
O(log n).

When processing any query for an input vertex v ∈ P , one first evaluates all ts hash functions
required to compute h1(v), . . . , hs(v), which requires tsTime(H) time. For insertions and deletions,
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one can insert v from each of the s resulting trees in time O(log n) per tree, which yields the
bounds for Insert(v) and Delete(v). For Query-Top(v), for each i ∈ [s], one performs an in-order
traversal of Ti,hi(v), ignoring nodes without any points stored in their subtree, and returns the
first leaf corresponding to a vertex u ∈ NG(v), or Empty if all points in the tree are examined
before finding such a neighbor. Each subsequent non-empty leaf in the traversal can be obtained
in O(log n) time, and since by definition of a (r, c, L)-approximate threshold graph, hi(v) = hi(u

′)
for at most u′ vertices with (v, u′) /∈ Gcr, it follows that one must examine at most L vertices u′

with (v, u′) /∈ Gcr before one finds u∗ = arg minu∈NG∩L π(u) (or exhausts all points in the tree).
Thus, the runtime is O(L log n) to search through each of the s hash functions, which results in the
desired bounds.

Finally, for Query-All(v), one performs the same search as above, but instead completes the
full in-order traversal of each tree Ti,hi(v). By the (r, c, L)-approximate threshold graph property,
each tree Ti,hi(v) contains at most |NG(v)∩L|+L vertices from L, after which the runtime follows
by the argument in the prior paragraph.

Given the data structure from Lemma 27, we will now demonstrate how the algorithm from
Section 4 can be implemented in sublinear in k time, given a sufficently good LSH function for
the metric. The following theorem summarizes the main consequences of this implementation,
assuming the graph Gr,cr(P,H, t, s) is a (r, c, L)-approximate threshold graph.

Theorem 28. Let Gr,cr(P,H, t, s) be a draw of the random graph as in Definition 25, where
r, c, P,H are as above, such that Gr,cr(P,H, t, s) is a (r, c, L)-approximate threshold graph. Let
G = (V,E) be the graph with V = P and E = E(Gr,cr(P,H, t, s)) ∩ E(Gcr). Then there is a
fully dynamic data structure which, under a sequence of vertex insertions and deletions from G,
maintains a top-n LFMIS with leaders (Definition 9) of G at all time steps. The expected amor-
tized per-update runtime of the algorithm is O((sL log n + tsTime(H)) log n + log2 n), where the
expectation is taken over the choice of π.

Proof. The algorithm is straightforward: we run the fully dynamic algorithm for top-k LFMIS
with leaders from Section 4, however we utilize the data structure from Lemma 27 to compute
S = L∩NG(v) in Algorithm 2 (where L = Ln+1), as well as handle deletions from L in Algorithm
3. Note that to handle a call to Insert(v) of Algorithm 2, one first calls Query-Top(v) in data
structure from Lemma 27. If the result is ∅, or u with π(u) < π(v), then one can proceed as in
Algorithm 2 but by updating L via Lemma 27. If the result is u with π(u) > π(v), one then calls
Query-All(v) to obtain the entire set S = NG(v) ∩ L, each of which will subsequently be made a
follower of v.

Let T be the total number of times that a vertex is inserted into the queue Q over the entire
execution of the algorithm (as in Proposition 17), and as in Section 4.3, we let Ctπ denote the number
of vertices whose eliminator changed after the t-th time step. We first prove the following claim,
which is analogous to Proposition 17.

Claim 29. The total runtime of the algorithm, over a sequence of M insertions and deletions of
vertices from G, is at most O(T (λ+ log n) +λ(M +

∑
t∈[M )Ctπ)), where λ = sL log n+ tsTime(H).

Proof. First note that λ upper bounds the cost of inserting and deleting from L, as well as calling
Query-Top(v). For every vertex, when it is first inserted into the stream, we pay it a cost of λ to
cover the call to Query-Top(v). Moreover, whenever a vertex is added to the queue Q, we pay a
cost of λ to cover a subsequent call to Query-Top(v) when it is removed from the queue and inserted
again, plus an additional O(log n) required to insert and remove the top of a priority queue. The
only cost of the algorithm which the above does not cover is the cost of calling Query-All(v), which
can be bounded by O(λ · |NG(v) ∩ L|). Note that, by correctness of the top-k LFMIS algorithm
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(Lemma 14), each vertex in L is its own eliminator at the beginning of each time step. It follows
that each vertex u ∈ NG(v) ∩ L had its eliminator changed on step t, since Query-All(v) is only
called on time step t in the third case of Algorithm 2, where all points in |NG(v)∩L| will be made
followers of v. Thus the total cost of all calls to Query-All(v) can be bounded by λ

∑
t∈[M )Ctπ,

which completes the proof of the claim.

Given the above, by Lemma 18 we have that T ≤ M ≤ 6Ctπ, and by Theorem 21 we have

Eπ

[∑
t Ctπ
]

= O(M log n). It follows that, the expected total runtime of the algorithm, taken over
the randomness used to generate π (with h1, . . . , hs previously fixed and conditioned on) is at most
O(M log2 n+Mλ log n) as needed.

Theorem 30. Let (X , d) be a metric space, and fix δ ∈ (0, 1/2). Suppose that for any r ∈
(rmin, rmax) there exists an (r, cr, p1, p2)-sensitive hash family Hr : X → U , such that each h ∈ Hr
can be evaluated in time at most Time(H), and such that p2 is bounded away from 1. Then there
is a fully dynamic algorithm that, on a sequence of M insertions and deletions of points from X ,
given an upper bound M ≤ M̂ ≤ poly(M), with probability 1 − δ, correctly maintains a c(2 + ε)-
approximate k-center clustering to the active point set P t at all time steps t, simultaneously for all
k ≥ 1. The total runtime of the algorithm is at most

Õ

(
M · log ∆ log δ−1

εp1
n2ρ · Time(H)

)
where ρ = ln p1

ln p2
, and n is an upper bound on the maximum number of points at any time step.

Proof. We first demonstrate that there exists an algorithm A(δ,M) which takes as input δ ∈ (0, 1/2)
and M ≥ 1, and on a sequence of at most M insertions and deletions of points in X , with probability
1 − δ correctly solves the top-M LFMIS with leaders (Definition 9) on a graph G that is (r, c, 0)-
approximate threshold graph for P (Definition 23), where P ⊂ X is the set of all points which were
inserted during the sequence, and runs in total expected time αδ,M , where

αδ,M = Õ
(
M1+2ρ log(M/δ) Time(H)

)
The reduction from having such an algorithm to obtaining a k-center solution for every k ≥ 1,
incurring a blow-up of ε−1 log ∆, and requiring one to scale down δ by a factor of O(ε−1 log ∆) so
that all ε−1 log ∆ instances are correct, is the same as in Section 3, with the modification that the
clustering obtained by a MIS L at scale r ≥ 0 has cost at most cr, rather than r. Thus, in what
follows, we focus on a fixed r.

First, setting sδ,M = O(log(M/δ)M2ρ/p1) and tM = O(log1/p2 M), by Proposition 26 it holds
that with probability 1−δ the graph Gr,cr(P,H, tM , sδ,M ) is a (r, c, L)-approximate threshold graph,
with E [L] < 2. Then by Theorem 28, there is an algorithm which maintains a top-M LFMIS with
leaders to the graph G = Gr,cr(P,H, tM , sδ,M ) ∩Grc, which in particular is a (r, c, 0)-approximate
threshold graph for P , and runs in expected time at most

O(M(sδ,ML logM + tMsδ,M Time(H)) logM +M log2M)

where the expectation is taken over the choice of the random ranking π. Taking expectation over
L, which depends only on the hash functions h1, . . . , hsδ,M , and is therefore independent of π, the
expected total runtime is at most αδ,M as needed.

To go from the updated time holding in expectation to holding with probability 1−δ, we follow
the same proof of Proposition 10, except that we set the failure probability of each instance to
be O(δ/ log2(M/δ)). By the proof of Proposition 10, the total number of copies ever run by the

algorithm is at most O(log(1/δ)
∑logM

i=1 i) = O(log(1/δ) log2M) with probability at most 1 − δ/2,
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and thus with probability at least 1 − δ it holds that both at most O(log(1/δ) log2M) copies of
the algorithm are run, and each of them is correct at all times. Note that whenever the runtime of
the algorithm exceeds this bound, the algorithm can safely terminate, as the probability that this
occurs is at most δ by Proposition 10.

Put together, the above demonstrates the existence of an algorithm Ā(δ,M) which takes as
input δ ∈ (0, 1/2) and M ≥ 1, and on a sequence of at most M insertions and deletions of points
in X , with probability 1 − δ correctly maintains a c(2 + ε)-approximation to the optimal k-center
clustering simultaneously for all k ≥ 1, with total runtime at most Õ(ε−1 log ∆αδ,M ). However, we
would like to only run instances of Ā(δ,M) with M = O(n) at any given point in time, so that the
amortized update time has a factor of n2ρ instead of M2ρ. To accomplish this, we greedily pick
time steps 1 ≤ t1 < t2 < · · · < M with the property that ti − ti−1 = d|P ti−1 |/2e. Observe that for
such time steps, we have |P ti | < 2|P ti−1 |. We then define time steps 1 ≤ t′1 < t′2 < · · · < M with
the property that t′i is the first time step where the active point set size exceeds 2i. We then run
an instance of Ā(δ0, 2

i), starting with i = 1, where δ0 = δ/M . Whenever we reach the next time
step t′i+1 we restart the algorithm Ā with parameters (δ0, 2

i+1), except that instead of running Ā
on the entire prefix of the stream up to time step t′i+1, we only insert the points in P t

′
i+1 which

are active at that time step. Similarly, when we reach a time step tj , we restart Ā with the same
parameters, and begin by isnerting the active point set P tj , before continuing with the stream.

Note that Ā is only restarted log n times due to the active point set size doubling. Moreover,
each time it is restarted due to the time step being equal to tj for some j, the at most 2|P tj−1 | point
insertions required to restart the algorithm can be amortized over the tj − tj−1 ≥ |P tj−1 |/2 prior
time steps. Since each instance is correct with probability 1 − δ0, by a union bound all instances
that are ever restarted are correct with probability 1− δ. Note that, since the amortized runtime
dependency of the overall algorithm on M is polylogarithmic, substituting M with an upper bound
M̂ satisfying M ≤ M̂ ≤ poly(M) increases the runtime by at most a constant. Moreover, we never
run Ā(δ, t) with a value of t larger than 2n, which yields the desired runtime.

5.2 Corollaries of the LSH Algorithm to Specific Metric Spaces

We now state our results for specific metric spaces by applying Theorem 30 in combination with
known locally sensitive hash functions from the literature. The following corollary follows imme-
diately by application of the locally sensitive hash functions of [DIIM04, HPIM12], along with the
bounds from Theorem 30.

Corollary 31. Fix any c ≥ 1. Then there is a fully dynamic algorithm which, on a sequence of M
insertions and deletions of points from d-dimensional Euclidean space (Rd, `p), for p ≥ 1 at most
a constant, with probability 1 − δ, correctly maintains a c(4 + ε)-approximate k-center clustering
to the active point set P t at all time steps t ∈ [M ], and simultaneously for all k ≥ 1. The total
runtime is at most

Õ

(
M

log δ−1 log ∆

ε
dn1/c

)
For the case of standard Euclidean space (p = 2), one can used the improved ball carving

technique of Andoni and Indyk [AI06] to obtain better locally sensitive hash functions, which
result in the following:

Corollary 32. Fix any c ≥ 1. Then there is a fully dynamic algorithm which, on a sequence of
M insertions and deletions of points from d-dimensional Euclidean space (Rd, `2), with probability
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1− δ, correctly maintains a c(
√

8 + ε)-approximate k-center clustering to the active point set P t at
all time steps t ∈ [M ], and simultaneously for all k ≥ 1. The total runtime is at most

Õ

(
M

log δ−1 log ∆

ε
dn1/c2+o(1)

)
Additionally, one can use the well-known MinHash [Bro97] to obtain a fully dynamic k-center

algorithm for the Jaccard Distance. Here, the metric space is the set of all subsets of a finite
universe X, equipped with the distance d(A,B) = 1 − |A∩B||A∪B| for A,B ⊆ X. We begin stating a
standard bound on the value of ρ for the MinHash LSH family.

Proposition 33 ([IM98]). Let H be the hash family given by

H = {hπ : 2X → X | hπ(A) = arg min
a∈A

π(a), π is a permutation of X}

Then for any c ≥ 1 and r ∈ [0, 1/(2c)], we have that H is (r, cr, 1 − r, 1 − cr)-sensitive for the
Jaccard Metric over X, where ρ = 1/c.

Proof. If d(A,B) = r, for any r ∈ [0, 1], we have

Pr
h∼H

[h(A) = h(B)] =
|A ∩B|
|A ∪B|

= 1− r

Thus, we have p1 = 1 − r and p2 = 1 − cr. Now by Claim 3.11 of [HPIM12], we have that for all
x ∈ [0, 1) and c ≥ 1 such that 1− cx > 0, the following inequality holds:

ln(1− x)

ln(1− cx)
≤ 1

c

Thus we have the desired bound:

ρ ≤ ln(1− r)
ln(1− cr)

≤ 1/c ¸

Corollary 34. Let X be a finite set, and fix any c ≥ 1. Then there is a fully dynamic algorithm
which, on a sequence of M insertions and deletions of subsets of X equipped with the Jaccard
Metric, with probability 1− δ, correctly maintains a c(4 + ε)-approximate k-center clustering to the
active point set P t at all time steps t ∈ [M ], and simultaneously for all k ≥ 1. The total runtime
is at most

Õ

(
M

log δ−1 log ∆

ε
|X|n1/c

)
Proof. Letting rmin be the minimum distance between points in the stream, we run a copy of the
top-M LFMIS algorithm of Theorem 28 for r = rmin, (1+ ε)rmin, . . . , 1/(2c), where we set the value
of the approximation factor c in Theorem 28 to be scaled by a factor of 2, so that each instance
computes a LFMIS on a (r, 2c, 0)-approximate threshold graph. Note that for any time step t, if the
copy of the algorithm for r = 1/c contains a LFMIS with at least k+ 1 vertices, it follows that the
cost of the optimal clustering is at most 1/(4c). In this case, we can return an arbitrary vertex as a
1-clustering of the entire dataset, which will have cost at most 1, as the Jaccard metric is bounded
by 1, and thereby yielding a 4c approximation. Otherwise, the solution is at most a c(4 + 2ε)-
approximation, which is the desired result after a re-scaling of ε. Note that Time(H) = Õ(|X|) to
evaluate the MinHash, which completes the proof.
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6 Algorithm for k-Center Against an Adaptive Adversary

We describe a deterministic algorithm for k-center that maintains an O(min{log(n/k)/ log log(n+
∆), k})-approximate solution with an update time of O(k log n · log ∆ · log(n + ∆)). Given some
constant ε > 0, we maintain one data structure for each value OPT′ that is a power of 1+ε in [1,∆],
i.e., O(log1+ε ∆) many. The data structure for each such value OPT′ outputs a solution of cost
at most O(min{log(n/k)/ log log(n + ∆), k}) OPT′ or asserts that OPT > OPT′. We output the
solution with smallest cost which is hence a O(min{log(n/k)/ log log(n+ ∆), k})-approximation.

Given the value OPT′, our algorithm maintains a hierarchy on the input represented by a B-ary
tree T , which we call clustering tree, where B = log(n + ∆). The main property of the clustering
tree is that the input points are stored in the leaves and each inner node stores a k-center set for
the Bk centers that are stored at its B children.

Definition 35 (clustering tree). Let OPT′ > 0, let P be a set of points and let T be a B-ary tree,
where B ≥ 2. We call T a clustering tree on P with node-cost OPT′ if the following conditions
hold:

1. each node u stores at most Bk points from P , denoted Pu,

2. for each node u, at most k points, denoted Cu, are marked as centers. Either, their k-center
cost is at most OPT′ on all points stored in u, or u is marked as a witness that there is no
center set with cost at most OPT′ /2,

3. each inner node stores the at most Bk centers of its children.

For each node u in T , the algorithm maintains a corresponding graph on the at most Bk points
Pu it stores, which is called blocking graph. Without loss of generality, we assume that T is a full
B-ary tree with n/(Bk) leaves. We explain in the proof of Theorem 44 how to get rid of this
assumption. For the sake of simplicity, we identify a node u with its associated blocking graph
N = (V,E) in the following. For each node N = (V,E), at most k points are marked as centers
(isCenter in Algorithm 4), and the algorithm maintains the invariant that two centers u, v ∈ V have
distance at least OPT′ by keeping record of blocking edges in the blocking graph between centers
and points that have distance less than OPT′ to one of these centers. We say that a center u
blocks a point v (from being a center) if there is an edge (u, v) in the blocking graph. In addition,
the algorithm records whether N contains more than k points with pairwise distance greater than
OPT′ (lowerBoundWitness in Algorithms 4 and 5).

Insertions (see InsertPoint). When a point u is inserted into T , a node N = (V,E) with less
than Bk points is selected and it is checked whether d(v, u) ≤ OPT′ for any center v ∈ V . If
this is the case, the algorithm inserts an edge (u, v) for every such center v into E and terminates
afterwards. Otherwise, the algorithm checks whether the number of centers is less than k. If this is
the case, it marks u as a center and inserts an edge (u,w) for each point w ∈ V with d(u,w) ≤ OPT′

and recurses on the parent of N . Otherwise, if there are more than k−1 centers in u, the algorithm
marks N as witness and terminates.

Deletions (see DeletePoint). When a point u is deleted from T , the point is first removed
from the leaf N (and the blocking graph) where it is stored. If u was not a center, the algorithm
terminates. Otherwise, the algorithm checks whether any points were unblocked (have no adjacent
node in the blocking graph) and, if this is the case, proceeds by attempting to mark these points as
centers and inserting them into the parent of N one by one (after marking the first point as center,
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the remaining points may be blocked again). Afterwards, the algorithm recurses on the parent of
N .

Algorithm 4: Insertion and deletion of a point P in a node of the clustering tree T
(represented by a blocking graph G).

Data: isCenter is a boolean array on the elements of V , lowerBoundWitness is a boolean
array on the nodes of T

1 Function InsertIntoNode(N = (V,E), p,OPT′)
2 insert p into V ;
3 foreach v ∈ V \ {p} do
4 if isCenter[v] ∧ d(p, v) ≤ OPT′ then
5 insert (v, p) into E ;

6 return TryMakeCenter (G, p,OPT′) ;

7 Function DeleteFromNode(N = (V,E), p,OPT′)
8 newCenters← ∅ ;
9 neighbors← Γ(p) ;

10 delete p from N ;
11 if isCenter[p] = true then
12 foreach u ∈ neighbors do
13 newCenters← newCenters ∪ TryMakeCenter(N, u, OPT′) ;

14 return newCenters ;

15 Function TryMakeCenter(N = (V,E), p,OPT′)
16 if deg(p) = 0 ∧ |{v | v ∈ V ∧ isCenter[v]}| < k then
17 isCenter[p]← true ;
18 foreach v ∈ V \ {p} do
19 if d(p, v) ≤ OPT′ then
20 insert (p, v) into E ;

21 lowerBoundWitness[N ]← false ;
22 return {p} ;

23 else if deg(p) = 0 then
24 lowerBoundWitness[N ]← true ;
25 return ∅ ;

Given a rooted tree T and a node u of T , we denote the subtree of T that is rooted at u by
T (u). For a clustering tree T , we denote the set of all points stored at the leaves of T (u) by P(u).
Recall that the points directly stored at u are denoted by Pu. Observe that for each node u in a
clustering tree, T (u) is a clustering tree of P(u).

6.1 Structural Properties of the Algorithm

We show that Algorithm 5 maintains a clustering tree.

Lemma 36. Let T be a clustering tree on a point set P . After calling InsertPoint(T, p) (see
Algorithm 5) for some point p /∈ P , T is a clustering tree on P ∪ {p}.
Proof. We prove the statement by induction over the recursive calls of InsertIntoNode in InsertPoint.
Let N = (V,E) be the leaf in T where p is inserted. Condition 1 in Definition 35 is guaranteed for
N by InsertPoint. The algorithm InsertIntoNode ensures that p is marked as a center only if it
is not within distance OPT′ of any other center. Let C be the center set of N before inserting p. By
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Algorithm 5: Insertion and deletion of a point p in the clustering tree T .

Data: lowerBoundWitness is a boolean array on the nodes of T
1 Function InsertPoint(T, p,OPT′)
2 N ← leaf in T that contains less than Bk elements ;
3 do
4 centers← InsertIntoNode(N, p) ;
5 N ← N.parent ;

6 while centers = {p};
7 Function DeletePoint(T, p,OPT′)
8 N ← leaf in T that contains p ;
9 centers← ∅; failed← false ;

10 do
11 centers← centers ∪ DeleteFromNode(N, p) ;
12 newCenters← ∅ ;
13 foreach v ∈ centers do
14 newCenters← newCenters ∪ InsertIntoNode(N.parent, v) ;
15 centers← newCenters ;
16 N ← N.parent ;

17 while N 6= null;

condition 2, C has costk(C, V ) ≤ OPT′. Let C ′ be the center set of any optimal solution on V . If
costk(C

′, V ) ≤ OPT′ /2, each center of C covers at least one cluster of C ′. By pigeonhole principle,
p is not blocked by a center in C if and only if |C| < k. Otherwise, if costk(C

′, V ) > OPT′ /2,
p is chosen if no center in C covers p and |C ′| < k, or N is marked as witness. It follows that
condition 2 is still satisfied for N after InsertIntoNode terminates.

Now, let N = (V,E) be any inner node in a call to InsertIntoNode(N, p). We note that such
call is only made if p was marked as a center in its child N ′ on which InsertIntoNode was called
before by InsertPoint. Thus, p is inserted into V if and only if p is a center in N ′. Therefore,
condition 2 is satisfied for N . By the above reasoning, condition 3 is also satisfied.

Lemma 37. Let T be a clustering tree on a point set P . After calling DeletePoint(T, p) (see
Algorithm 5) for some point p ∈ P , T is a clustering tree on P \ {p}.
Proof. We prove the statement by induction over the loop’s iterations in DeletePoint. Let N =
(V,E) be the leaf in T where p was inserted. DeleteFromNode deletes p from N and iterates over
all unblocked points to mark them as centers one by one. After deleting p, condition 1 holds for N .
Let U be the set of unblocked points after removing p, let C be the center set after removing p from
V , and let C ′ be the center set of any optimal solution on V \ {p}. If costk(C

′, V ) ≤ OPT′ /2, each
unblocked point from U covers at least one cluster of C ′ with cost OPT′. Therefore, any selection
of k − |C| points from U that do not block each other together with C is a center set for V with
cost OPT′. Otherwise, if costk(C

′, V ) > OPT′ /2, a set of at most k− |C| points from U is chosen,
or N is marked as witness. It follows that condition 2 is still satisfied for N after DeleteFromNode
terminates. Let C ′′ be the center set that is returned by DeleteFromNode. DeletePoint inserts
all points from C ′′ into the parent node. This reinstates condition 3 on the parent node. Then,
DeleteFromNode recurses on the parent.

34



6.2 Correctness of the Algorithm

We use the following notion of super clusters and its properties to prove the O(k) upper bound on
the approximation ratio of the algorithm.

Definition 38 (super cluster). Let P be a set of points and let C be a center set with costk(C,P ) ≤
2 OPT′. Consider the graph G = (C,E), where E = {(u, v) | d(u, v) ≤ 2 OPT′}. For every
connected component in G, we call the union of clusters corresponding to this component a super
cluster.

Lemma 39. Let T be a clustering tree constructed by Algorithm 5 with node-cost OPT′ and no
node marked as witness. For any node N in T , N contains one point from each super cluster in
P(N) that is marked as center.

Proof. Let S be a supercluster of P . Let N be a node in T that contains a point p ∈ S. For the sake
of contradiction, assume that there exists no point q ∈ S ∩N that is marked as center. By Defini-
tion 38, the k-center clustering cost of the centers in N is greater than OPT′. By Definition 35.2,
this implies that a point must be marked as witness. This is a contradiction to the assumption
that no node is marked as witness.

The following simple observation leads to the bound of O(log(n/k)/ log log(n + ∆)) on the
approximation ratio.

Observation 40. Let c > 0, ` ∈ N, let P1, . . . , P` be sets of points and let C1, . . . , C` so that
costk(Ci, Pi) ≤ c for every i ∈ [`]. For every k-center set C ′ with costk(C

′,∪iCi) ≤ c′ we have
costk(C

′,∪iPi) ≤ c+ c′ by the triangle inequality.

We combine the previous results and obtain the following approximation ratio for our algorithm.

Lemma 41. Let T be a clustering tree on a point set P that is constructed by Algorithm 5 with node-
cost OPT′. Let C be the points in the root of T that are marked as centers. If no node in C is marked
as witness, costk(C,P ) ≤ min{k, log(n/k)/ logB} · 4optk(P ). Otherwise, optk(P ) ≥ OPT′ /2.

Proof. Assume that optk(P ) ≤ OPT′ /2, as otherwise, there exists a node that stores at least k+ 1
points that have pairwise distance OPT′, which implies the claim. First, we prove costk(C,P ) ≤
log(n/(Bk))/ logB ·OPT′. It follows from Observation 40 that C has k-center cost 2 OPT′ on the
points stored in the root’s children. Since T has depth at most log(n/(Bk))/ logB, it follows by
recursively applying Observation 40 on the children that C also has cost log(n/(Bk))/ logB ·2 OPT′

on P .
Now, we prove costk(C,P ) ≤ k. Let p ∈ P , and let S be the super cluster of p with corresponding

optimal center set C ′. We have d(p, C ′) ≤ OPT′ /2. By Lemma 39, there exists a center q ∈ C
so that d(q, C ′) ≤ OPT′ /2. By the definition of super clusters, for every x, y ∈ C ′, d(x, y) ≤
(k − 1) · 2 OPT′. It follows from the triangle inequality that d(p, q) ≤ 2kOPT′.

6.3 Update Time Analysis

Lemma 42. The amortized update time of Algorithm 5 is O(Bk log(n/k)/ logB).

Proof. To maintain blocking graphs efficiently, the graphs are stored in adjacency list representation
and the degrees of the vertices as well as the number of centers are stored in counters. When a
point p is inserted, 3Bk log(n/(Bk))/ logB tokens are paid into the account of p. Each token pays
for a (universally) constant amount of work.

Each point is inserted at most once in each of the log(n/(Bk))/ logB nodes from the leaf where
it is inserted up to the root. The key observation is that it is marked as a center in each of these
nodes at most once (when it is inserted, or later when a center is deleted): Marking a point as
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center is irrevocable until it is deleted. For each node N and point p ∈ N , it can be checked in
constant time whether p can be marked as a center in N by checking its degree in the blocking
graph. Marking p as a center takes time O(Bk) because it is sufficient to check the distance to all
other at most Bk points in N and insert the corresponding blocking edges. For each point p, we
charge the time it takes to mark p as a center to the account of p. Therefore, marking p as center
withdraws a most Bk log(n/(Bk)) tokens from its account in total.

Consider the insertion of a point p into a node. As mentioned, p is inserted in at most
log(n/(Bk))/ logB nodes, and in each of these nodes, it is inserted at most once (when it is
inserted into the tree, or when it is marked as a center in a child node). Inserting a point into a
node N requires the algorithm to check the distance to all at most k centers in N to insert blocking
edges, which results in at most k log(n/(Bk))/ logB work in total.

It remains to analyze the time that is required to update the tree when a point p is deleted. For
any node N , if p is not a center in N , deleting p takes constant time. Otherwise, if p is a center, the
algorithm needs to check its at most Bk neighbors in the blocking graph one by one whether they
can be marked as centers. Checking a point q takes only constant time, and marking q as a center
has already been charged to q by the previous analysis. All centers that have been marked have
to be inserted into the parent of N , but this has also been charged to the corresponding points.
Therefore, deleting p consumes at most Bk log(n/(Bk))/ logB tokens from the account of p.

Lemma 43. The worst-case insertion time of Algorithm 5 is O(Bk log(n/k)/ logB), and the worst-
cast deletion time is O(Bk2 log(n/k)/ logB).

Proof. To maintain blocking graphs efficiently, the graphs are stored in adjacency list representation
and the degrees of the vertices as well as the number of centers are stored in counters.

Each point is inserted at most once in each of the log(n/(Bk))/ logB nodes from the leaf where
it is inserted up to the root. For each node N and point p ∈ N , it can be checked in constant time
whether p can be marked as a center in N by checking its degree in the blocking graph. Marking p
as a center takes time O(Bk) because it is sufficient to check the distance to all other at most Bk
points in N and insert the corresponding blocking edges.

Consider the insertion of a point p into the tree. As mentioned, p is inserted in at most
log(n/(Bk))/ logB nodes. Therefore, during the initial insertion of p into the tree, the insertion
procedure may insert p into at most log(n/(Bk))/ logB nodes. Inserting a point into a node N
requires the algorithm to check the distance to all at most k centers in N to insert blocking edges
and possibly marking it as a center, which results in at most O(Bk log(n/(Bk))/ logB) time in
total.

Now, consider the deletion of p from the tree. For any node N , if p is not a center in N , deleting
p takes constant time. Otherwise, if p is a center, the algorithm needs to check its at most Bk
neighbors in the blocking graph one by one whether they can be marked as centers. Checking a
point q takes only constant time, and marking q as a center takes time O(Bk). All at most k points
that have been marked have to be inserted into the parent of N , which takes time O(Bk · k). As
the length of any path from a leaf to the root is at most log(n/(Bk))/ logB, deleting p requires at
most O(Bk2 log(n/(Bk))/ logB) time.

6.4 Main Theorem

It only remains to combine all previous results to obtain Theorem 4.

Theorem 44 (Theorem 4). Let ε, k > 0 and B ≥ 2. There exists a deterministic algorithm
for the dynamic k-center problem that has amortized update time O(Bk log n log(∆)/ log(1 + ε))
and approximation factor (1 + ε) · min{4k, 4 log(n/k)/ logB}. The worst-cast insertion time is
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O(Bk log n log ∆/ log(1 + ε)), and the worst-case deletion time is O(Bk2 log n log ∆/ log(1 + ε)).

Proof. Since P = (P1, . . . , Pn) is a dynamic point set, its size ni := |Pi| can increase over time.
Therefore, we need to remove the assumption that the clustering tree has depth log(maxt∈[n] nt).
First, we note that we can insert and delete points so that the clustering tree T is a complete B-ary
tree (the inner nodes induce a full B-tree, and all leaves on the last level are aligned left): We
always insert points into the left-most leaf on the last level of T that is not full; when a point is
deleted from a leaf N that is not the right-most leaf N ′ on the last level of T , we delete an arbitrary
point q from N ′ and insert q into N . Deleting and reinserting points this way can be seen as two
update operations, and therefore, it can only increase time required to update the tree by a factor
of 3. Furthermore, any leaf can be turned into an inner node by adding a copy of itself as its left
child and adding an empty node as its right child. Vice versa, an empty leaf and its (left) sibling
can be contracted into its parent. This way, the algorithm can guarantee that the depth of the tree
is between blog(nt/(Bk))/ logBc and dlog(nt/(Bk))/ logBe at all times t ∈ [n].

Recall that d(x, y) ≥ 1 for every x, y ∈ X , and ∆ = maxx,y∈X d(x, y). For every Γ ∈ {(1 + ε)i |
i ∈ [dlog1+ε(∆)e], the algorithm maintains an instance TΓ of a clustering tree with node-cost
OPT′ = (1 + ε)Γ by invoking Algorithm 5. After every update, the algorithm determines the
smallest Γ so that no node in TΓ is marked as witness, and it reports the center set of the root
of TΓ. The bound on the cost follows immediately from Lemma 41. Since there are at most
log(∆)/ log(1 + ε) instances, the bounds on the running time follow from Lemmas 42 and 43.

7 Algorithms for k-Sum-of-Radii and k-Sum-of-Diameters

In this section we present our (randomized) dynamic (13.008 + ε)-approximation algorithm for k-
sum-of-radii with an amortized update time of kO(1/ε) log ∆, against an oblivious adversary. Our
strategy is to maintain a bi-criteria approximation with O(k/ε) clusters whose sum of radii is at
most (6 + ε) OPT (and which covers all input points). We show how to use an arbitrary offline
α-approximation algorithm to turn this solution into a (6 + 2α + ε)-approximate solution with
only k clusters. Using the algorithm in [CP04] (for which α = 3.504 + ε), this yields a dynamic
(13.008 + ε)-approximation for k-sum-of-radii, and hence a (26.015 + ε)-approximation for k-sum-
of-diameters. We provide the algorithm and a high-level overview of its analysis in Sections 7.1
and 7.2. The details of the formal proofs can be found in Section 7.3.

7.1 Bicriteria Approximation

Assume that we are given an ε > 0 such that w.l.o.g. it holds that 1/ε ∈ N. We maintain one data
structure for each value OPT′ that is a power of 1 + ε in [1,∆], i.e., O(log1+ε ∆) many. The data
structure for each such value OPT′ outputs a solution of cost at most (13.008 + ε) OPT′ or asserts
that OPT > OPT′. We output the solution with smallest cost which is hence a (13.008 + O(ε))-
approximation. We describe first how to maintain the mentioned bi-criteria approximation. We
define z := εOPT′ /k. Our strategy is to maintain a solution for an auxiliary problem based on
a Lagrangian relaxation-type approach. More specifically, we are allowed to select an arbitrarily
large number of clusters, however, for each cluster we need to pay a fixed cost of z plus the radius
of the cluster. For the radii we allow only integral multiples of z that are bounded by OPT′, i.e.,
only radii in the set R = {z, 2z, ...,OPT′−z,OPT′}.

This problem can be modeled by an integer program. We formulate the problem as an LP (P )

which has a variable x
(r)
p for each combination of a point p and a radius r from a set of (suitably

discretized) radii R, and a constraint for each point p. Let (D) denote its dual LP, see below, where
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z := εOPT′ /k.

min
∑
p∈P

∑
r∈R

x(r)
p (r + z) max

∑
p∈P

yp

s.t.
∑
p′∈P

∑
r:d(p,p′)≤r

x
(r)
p′ ≥ 1 ∀p ∈ P (P ) s.t.

∑
p′∈P :d(p,p′)≤r

yp′ ≤ r + z ∀p ∈ P, r ∈ R (D)

x(r)
p ≥ 0 ∀p ∈ P ∀r ∈ R yp ≥ 0 ∀p ∈ P

We describe first an offline primal-dual algorithm that computes an integral solution to (P )
and a fractional solution to the dual (D), so that their costs differ by at most a factor 6. By weak
duality, this implies that our solution for (P ) is a 6-approximation. We initialize x ≡ 0 and y ≡ 0,
define U1 := P , and we say that a pair (p′, r′) covers a point p if d(p′, p) ≤ r′. Our algorithm works
in iterations.

At the beginning of the i-th iteration, assume that we are given a set of points Ui, a vector(
x

(r)
p

)
p∈P,r∈R, and a vector (yp)p∈P , such that Ui contains all points in P that are not covered by

any pair (p, r) for which x
(r)
p = 1 (which is clearly the case for i = 1 since U1 = P and x ≡ 0).

We select a point p ∈ Ui uniformly at random among all points in Ui. We raise its dual variable
yp until there is a value r ∈ R such that the dual constraint for (p, r) becomes half-tight, meaning
that

∑
p′:d(p,p′)≤r yp′ = r/2 + z.

Note that it might be that the constraint is already at least half-tight at the beginning of
iteration i in which case we do not raise yp but still perform the following operations. Assume that

r is the largest value for which the constraint for (p, r) is at least half-tight. We define x
(2r)
p := 1,

(pi, ri) := (p, 2r) and set Ui+1 to be all points in Ui that are not covered by (p, 2r).

Lemma 45. Each iteration i needs a running time of O(|Ui|+ ik/ε).

We stop when in some iteration i∗ it holds that Ui∗ = ∅ or if we completed the (2k/ε)2-th
iteration and U(2k/ε)2+1 6= ∅. Suppose that x and y are the primal and dual vectors after the last
iteration. In case that U(2k/ε)2 6= ∅ we can guarantee that our dual solution has a value of more
than OPT′ from which we can conclude that OPT > OPT′; therefore, we stop the computation for
the estimated value OPT′ in this case.

Lemma 46. If U(2k/ε)2+(2k/ε) 6= ∅ then OPT > OPT′.

If U(2k/ε)2 = ∅ we perform a pruning step in order to transform x into a solution whose cost is
at most by a factor 3 larger than the cost of y. We initialize S̄ := ∅. Let S = {(p1, r1), (p2, r2), ...}
denote the set of pairs (p, r) with x

(r)
p = 1. We sort the pairs in S non-increasingly by their

respective radius r. Consider a pair (pj , rj). We insert the cluster (pj , 3rj) in our solution S̄ and
delete from S all pairs (pj′ , rj′) such that j′ > j and d(pj , pj′) < rj + rj′ . Note that (pj , 3rj) covers
all points that are covered by any deleted pair (pj′ , rj′) due to our ordering of the pairs. Let S̄
denote the solution obained in this way and let x̄ denote the corresponding solution to (P ), i.e.,

x̄
(r)
p = 1 if and only if (p, r) ∈ S̄. We will show below that S̄ is a feasible solution to (P ) with at

most O(k/ε) clusters. Let C̄ ⊆ P denote their centers, i.e., C̄ = {p | ∃r ∈ R : (p, r) ∈ S̄}.
Lemma 47. Given x we can compute x̄ in time O((k/ε)4) and x̄ selects at most O(k/ε) centers.

We transform now the bi-criteria approximate solution x̄ into a feasible solution x̃ with only k
clusters. To this end, we invoke the offline (3.504 + ε)-approximation algorithm from [CP04] on the
input points C̄. Let Ŝ denote the set of pairs (p̂, r̂) that it outputs (and note that not necessarily
r̂ ∈ R since we use the algorithm as a black-box). Note that Ŝ covers only the points in C̄, and not
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necessarily all points in P . On the other hand, the solution Ŝ has a cost of at most 2 OPT since we
can always find a solution with this cost covering C̄, even if we are only allowed to select centers
from C̄. Thus, based on S̄ and Ŝ we compute a solution S̃ with at most k clusters that covers P .
We initialize S̃ := ∅. For each pair (p̂, r̂) ∈ Ŝ we consider the points C̄ ′ in C̄ that are covered by
(p̂, r̂). Among all these points, let p̄ be the point with maximum radius r̄ such that (p̄, r̄) ∈ S̄. We
add to S̃ the pair (p̂, r̂+ r̄) and remove C̄ ′ from C̄. We do this operation with each pair (p̂, r̂) ∈ Ŝ.
Let S̃ denote the resulting set of pairs.

Lemma 48. Given S̄ and Ŝ we can compute S̃ in time O(k3/ε2).

We show that S̃ is a feasible solution with small cost. We start by bounding the cost of x̄ via
y.

Lemma 49. We have that x̄ and y are feasible solutions to (P) and (D), respectively, for which we

have that
∑

p∈P
∑

r∈R x̄
(r)
p (r + z) ≤ 6 ·

∑
p∈P yp ≤ 6 OPT′ .

Next, we argue that S̃ is feasible and bound its cost by the cost of S′ and the cost of x̄.

Lemma 50. We have that S̃ is a feasible solution with cost at most
∑

(p̂,r̂)∈Ŝ r̂+
∑

p∈P
∑

r∈R x̄
(r)
p (r+

z) ≤ (13.008 + ε) OPT′.

7.2 Dynamic Algorithm

We describe now how we maintain the solutions x, x̄, y, S, S̄, and S̃ dynamically when points are
inserted or deleted. Our strategy is similar to [CGS18].

Suppose that a point p is inserted. For each i ∈ {1, ..., 2k/ε + 1} we insert p into the set
Ui if Ui 6= ∅ and p is not covered by a pair (pj , rj) with j ∈ {1, ..., i − 1}. If there is an index
i ∈ {1, ..., 2k/ε + 1} such that Ui−1 6= ∅ (assume again that U0 6= ∅), Ui = ∅, and p is not covered
by any pair (pj , rj) with j ∈ {1, ..., i − 1}, we start the above algorithm in the iteration i, being
initialized with Ui = {p} and the solutions x, y as being computed previously.

Suppose now that a point p is deleted. We remove p from each set Ui that contains p. If there
is no r ∈ R such that (p, r) ∈ S then we do not do anything else. Assume now that (p, r) ∈ S
for some r ∈ R. The intuition is that this does not happen very often since in each iteration i we
choose a point uniformly at random from Ui. More precisely, in expectation the adversary needs
to delete a constant fraction of the points in Ui before deleting p. Consider the index i such that
(p, r) = (pi, ri). We restart the algorithm from iteration i. More precisely, we initialize y to the
values that they have after raising the dual variables yp1 , ..., ypi−1 in this order as described above
until a constraint for the respective point pj becomes half-tight. We initialize x to the corresponding

primal variables, i.e., x
(2rj)
pj = 1 for each j ∈ {1, ..., i− 1} and x

(r′)
p′ = 0 for all other values of p′, r′.

Also, we initialize the set Ui to be the obtained set after removing p. With this initialization, we
start the algorithm above in iteration i, and thus compute like above the (final) vectors y, x and
based on them S, S̄, and S̃.

When we restart the algorithm in some iteration i then it takes time O(|Ui|k2) to compute the
new set S. We can charge this to the points that were already in Ui when Ui was recomputed the
last time and to the points that were inserted into Ui later. After a point p was inserted, it is charged
at most O(k/ε) times in the latter manner since it appears in at most O(k/ε) sets Ui. Finally, given
S, we can compute the sets S̄, Ŝ, and S̃ in time O(k3/ε2). The algorithm from [CP04] takes time
nO(1/ε) if the input has size n. One can show that this yields an update time of kO(1/ε) + (k/ε)4 for
each value OPT′. Finally, the same set S̃ yields a solution for k-sum-of-diameters, increasing the
approximation ratio by a factor of 2.
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Theorem 6. There are randomized dynamic algorithms for the k-sum-of-radii and the k-sum-of-
diameters problems with update time kO(1/ε) log ∆ and with approximation ratios of 13.008 + ε and
26.016 + ε, respectively, against an oblivious adversary.

7.3 Deferred Proofs

In this section, we formally prove the correctness of Algorithm 6 for the k-sum-of-radii and the
k-sum-of-diameter problem. To compute a solution in the static setting, the algorithm is invoked
as PrimalDual(P, ∅, R, z, k, ε, 0, 0, 0), where P is the set of input points, R is the set of radii,
z = εOPT′ /k is the facility cost and k is the number of clusters. Algorithm 6 is a pseudo-code
version of the algorithm described earlier.

Algorithm 6: Pseudo code of the primal-dual algorithm for k-sum-of-radii as described
in Section 7.

Data: point set P , unassigned point sets U = {U0, . . .}, radii set R, facility cost z, number

of clusters k, precision ε, primal vector x = {x(r)
p | r ∈ R ∧ p ∈ P}, dual vector

Y = {yp | p ∈ P}
1 Function PrimalDual (P,U,R, z, k, ε, x, y, i)
2 while Ui 6= ∅ do
3 pi ← uniformly random point from Ui ;
4 δi ← max({0} ∪ {δ′ | δ′ ∈ R ∧ ∀r′ ∈ R :

∑
p′∈P :d(pi,p′)≤r′ yp′ + δ′ ≤ r′/2 + z}) ;

5 if δi > 0 then
6 ri ← max{r′ | r′ ∈ R ∧

∑
p′∈P :d(pi,p′)≤r′ yp′ + δi = r′/2 + z} ;

7 else
8 ri ← max{r′ | r′ ∈ R ∧

∑
p′∈P :d(pi,p′)≤r′ yp′ ≥ r

′/2 + z} ;

9 ypi ← δi; x
(2ri)
pi ← 1 ;

10 Ui+1 ← Ui \ {p′ | p′ ∈ Ui ∧ d(pi, p
′) ≤ 2ri} ;

11 i← i+ 1 ;
12 if i > (2k/ε)2 then
13 return “OPT′ < OPT” ;

14 S̄ ← ∅; S ← sort (pj , rj)j∈[i−1] non-increasingly according to rj ;

15 forall (p, r) ∈ S do
16 if @(pj , rj) ∈ S̄ : d(p, pj) ≤ r + rj then
17 S̄ ← S̄ ∪ {(p, 3r)} ;

18 return S̄, U, x, y, r, i ;

Proof of Lemma 45 We bound the running time of a single primal-dual step. This implies
Lemma 45.

Lemma 51 (Lemma 45). The running time of the ith iteration of the while-loop in PrimalDual is
O(ik/ε+ |Ui|).
Proof. In each iteration, at most one entry of y, i.e., ypi , increases. Therefore, at most i− 1 entries
of y are non-zero at the beginning of iteration i. By keeping a list of non-zero entries, each sum
corresponding to a constraint of the dual program can be computed in time O(i). Since |R| ≤ k/ε,
it follows that δi and ri can be computed in time O(ik/ε). To construct Ui+1, it is sufficient to
iterate over Ui once.

40



Proof of Lemma 46 We show that our choice of z = εOPT′ /k will result in a solution S̄ if
OPT ≤ OPT′.

Lemma 46. If U(2k/ε)2+(2k/ε) 6= ∅ then OPT > OPT′.

Proof. Since, by weak duality,
∑

p∈P yp is a lower bound to the optimum value of (P ), we bound
the number of iterations that are sufficient to guarantee

∑
p∈P yp > OPT′. Call an iteration of

the while-loop in PrimalDual successful if δi > 0, and unsuccessful otherwise. First, observe that
for each successful iteration i, the algorithms increases ypi by at least z/2. This is due to the fact
that all values in R are multiples of z, and therefore r/2 + z is a multiple of z/2 for any r ∈ R.
Since the algorithm increases ypi as much as possible, all ypi are multiples of z/2. Therefore, after
OPT′ /(z/2) + 1 = 2k/ε+ 1 successful iterations, it holds that OPT ≥

∑
p∈P yp > OPT′.

Now, we prove that for each successful iteration, there are at most |R| unsuccessful iterations.
Then, it follows that after ((2k/ε) + 1) · |R| ≤ (2k/ε)2 + (2k/ε) iterations, OPT > OPT′. Let i
be an unsuccessful iteration. The crucial observation for the following argument is that for the
maximum ri ∈ R so that (pi, ri) is at least half-tight and for any j < i so that d(pi, pj) ≤ ri and
ypj > 0, we have rj < ri: otherwise, pi would have been removed from Uj . On the other hand,
such pj must exist because the dual constraint (pi, ri) is at least half-tight but ypi = 0. Now, we
charge the radius ri to the point pj and observe that we will never charge ri to pj again. This is
due to the fact that all points p ∈ Ui−1 with distance d(pj , p) ≤ ri are removed from Ui because
d(pi, p) ≤ d(pi, pj) + d(pj , p) ≤ 2ri. Therefore, for any successful iteration j and any r ∈ R, there is
at most one i > j so that r = ri is charged to pj , each accounting for an unsuccessful iteration.

Proof of Lemma 47 We argue that the pruning step has running time poly(k/ε) to prove
Lemma 47.

Lemma 52 (Lemma 47). The for-loop in PrimalDual has running time O((k/ε)4).

Proof. Since i ≤ 2(2k/ε)2, it holds that |S| ≤ |{p ∈ P | ∃r ∈ R : x
(r)
p > 0}| ≤ 2(2k/ε)2. Therefore,

sorting S requires at most O((2k/ε)2 log(2k/ε)) time. In each iteration of the loop, it suffices to
iterate over S̄. Since |S̄| ≤ |S|, the claim follows.

Proof of Lemma 48

Lemma 48. Given S̄ and Ŝ we can compute S̃ in time O(k3/ε2).

Proof. Recall that we sort points in S non-increasingly. Therefore, for every point p, there exists
only one (p, r) ∈ S that is inserted into S̄. It follows that |S̄| ≤ |S| ≤ (2k/ε)2 and since |Ŝ| ≤ k, it
suffices to iterate over S̄ for every (p̂, r̂) ∈ Ŝ.

Proof of Lemma 49 We turn to the feasibility and approximation guarantee of the solution
that is computed by Algorithm 6. First, we observe that the dual solution is always feasible.

Lemma 53. During the entire execution of Algorithm 6, no dual constraint (p, r) is violated.

Proof. For the sake of contradiction, let i be the first iteration of the while-loop in PrimalDual

after which there exists (p, r) such that
∑

p′∈P :d(p,p′)≤r > r+ z. From this definition, it follows that

d(p, pi) ≤ r as only ypi has increased in iteration i. By the triangle inequality, for all p′ ∈ P so
that d(p, p′) ≤ r, we have that d(pi, p

′) ≤ 2r. Therefore, the dual constraint (pi, 2r) is more than
half-tight: ∑

p′∈P :d(pi,p′)≤2r

yp′ ≥
∑

p′∈P :d(p,p′)≤r

yp′ > r + z =
2r

2
+ z.
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This is a contradiction to the choice of (pi, ri).

The primal solution is also feasible to the LP, and its cost is bounded by 6 OPT′.

Lemma 49. We have that x̄ and y are feasible solutions to (P) and (D), respectively, for which we

have that
∑

p∈P
∑

r∈R x̄
(r)
p (r + z) ≤ 6 ·

∑
p∈P yp ≤ 6 OPT′ .

Proof. Since Ui = ∅, x is feasible at the end of Algorithm 6. By the construction of S̄, it follows
that x̄ is feasible. By Lemma 53, y is always feasibile for (D). It remains to bound the cost of S̄.

By the construction of S̄, for any (p, r) ∈ S̄, x
(r/3)
p = 1 and (p, r/3) is at least half-tight in y.

In other words, r + z ≤ 6 · (r/(2 · 3) + z) = 6
∑

d(p,p′)≤r/3 yp. Let S̄(p, r) = {p′ ∈ P | d(p, p′) ≤ r}.
For all (p1, r1), (p2, r2) ∈ S̄, p1 6= p2, we have that S̄(p1, r1/3) and S̄(p2, r2/3) are disjoint due to
the construction of S̄. Therefore, it holds that∑

p∈P

∑
r∈R

x̄(r)
p (r + z) =

∑
(p,r)∈S̄

(r + z) ≤ 6 ·
∑
p∈P

yp.

By weak duality, 6 ·
∑

p∈P yp ≤ 6 OPT′.

Proof of Lemma 50 Finally, we prove that the pruned solution is a feasible k-sum-of-radii
solution with cost bounded by (13.008 + ε) OPT′.

Lemma 50. We have that S̃ is a feasible solution with cost at most
∑

(p̂,r̂)∈Ŝ r̂+
∑

p∈P
∑

r∈R x̄
(r)
p (r+

z) ≤ (13.008 + ε) OPT′.

Proof. First observe that the cost of Ŝ is bounded by 2 · 3.504 · OPT since we can construct a
solution with cost at most 2 OPT that covers C̄ using only centers from C̄: for each point p ∈ C̄,
take the point p′ ∈ OPT covering p with some radius r′, and select p with radius 2r′.

Let p ∈ P , let (p̄, r̄) ∈ S̄ so that d(p, p̄) ≤ r̄ and let (p̂, r̂) ∈ Ŝ that was chosen to cover p̄. By the
triangle inequality, d(p, p̄) ≤ r̂+ r̄. Let (p̂, r̃) be the corresponding tuple in S̃. By the construction
of S̃, we have that r̂ + r̄ ≤ r̃. Therefore, S̃ is feasible. It follows that the cost of S̃ is at most∑

(p̂,r̂)∈Ŝ

r̂ +
∑
p∈P

∑
r∈R

x̄(r)
p (r + z) ≤ (2 · 3.504 + 6 + ε) OPT′ .

Proof of Theorem 6

Theorem 6. There are randomized dynamic algorithms for the k-sum-of-radii and the k-sum-of-
diameters problems with update time kO(1/ε) log ∆ and with approximation ratios of 13.008 + ε and
26.016 + ε, respectively, against an oblivious adversary.

Proof. Consider a fixed choice of OPT′. This assumption will be removed at the end of the proof.
We invoke Algorithm 6 on the initial point set as for the static setting. Consider an operation t,
and let S̆, Ŭ , x̆, y̆, r̆, ĭ be the state before this operation.

If a point p is inserted, the algorithm checks, for every j ∈ {1, . . . , i − 1}, if d(pj , p) ≤ 2ri.
If this is not the case for any j, p is added to Ŭj and the algorithm proceeds. Otherwise, the
algorithm stops. If the last check fails and i > (2k/ε)2, the algorithm stops, too. Otherwise, it runs
PrimalDual(P, Ŭ , R, z, k, ε, x, y, i) with the updated Ŭ . In any case, the point p deposits a budget
of 2k/ε tokens for each possible Ui, i ∈ [2k/ε], i.e., (2k/ε)2 tokens in total. By Lemmas 45 and 52,
the total running time is O((2k/ε)k/ε+ 0 + (k/ε)4 + (2k/ε)2) = O((k/ε)4).

If a point p is deleted, the algorithm deletes p from all Ŭi it is contained in. If for all radii r ∈ R
we have that x̆

(r)
p = 0 then the algorithms stops. Otherwise, let j be so that p ∈ Ŭj \ Ŭj+1, i.e., p is
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the center of the jth cluster. The algorithm sets, for all r ∈ R and all j′ ≥ j, x̆(r)
pj′ = 0, y̆pj′ = 0 and,

for all j′ > j, Ŭj′ = ∅. Then, it calls PrimalDual(P, Ŭ , R, z, k, ε, x̆, y̆, j). By Lemmas 45 and 52,
the total running time is O((2k/ε)2k/ε+ (2k/ε)|Uj |+ (k/ε)4).

The correctness of the algorithm follows from the fact that if OPT′ ≥ OPT, the algorithm
produces a feasible solution irrespective of the choice of the pi, i ∈ [2k/ε], by Lemma 50 and
observing that the procedure described above simulates a valid run of the algorithm for P =
Pt−1 ∪ {p} and P = Pt \ {p}, respectively. Finally, we prove that the expected time to process all
deletions up to operation t is bounded by O(t · 2k/ε). The argument runs closely along the running
time analysis in [CGS18].

Let t′ ≤ t, j ∈ [2k/ε] and let Ū
(t′)
j be the set U

(t′)
i that was returned by PrimalDual after the

last call that took place before operation t′ so that the argument i is such that i ≤ j. Note that this

is the last call to PrimalDual before operation t′ when Uj is reclustered. We decompose U
(t′)
j into

A
(t′)
j = U

(t′)
j \ Ū (t′)

j and B
(t′)
j = Uj ∩ Ū (t′)

j and define the random variable T t
′
i , where T t

′
i = |B(t′)|

if operation t′ deletes center pi and T ti = 0 otherwise. Next, we bound E[
∑

t′<t

∑
i∈[2k/ε] T

(t′)
i ].

For t′ < t and i ∈ [2k/ε], consider E[T
(t′)
i ]. Since pi was picked uniformly at random from B(t′),

the probability that operation t′ deletes pi is 1/|B(t′)|. Therefore, E[T t
′
i ] = 1. By linearity of

expectation, E[
∑

t′<t

∑
i∈[2k/ε] T

(t′)
i ] ≤ 2k/ε. If operation t′ deletes pj , Uj is reclustered at operation

t′ and any point in A is not in A(T t
′
i ) for any t′′ ≥ t′. Therefore, each point p ∈ A can pay (2k/ε)

tokens from its insertion budget if pj is deleted. The expected amortized cost for all operations up
to operation t is therefore at most O((2k/ε)2k/ε+ (2k/ε)2 + (k/ε)4) = O((k/ε)4).

Now, we remove the assumption that OPT′ is known. Recall that d(x, y) ≥ 1 for every x, y ∈ X,
and ∆ = maxx,y∈X d(x, y). For every Γ ∈ {(1 + ε)i | i ∈ [dlog1+ε(k∆)e], the algorithm maintains an
instance of the LP with OPT′ = (1+ε)Γ. After every update, the algorithm determines the smallest
Γ for which a solution is returned. Recall that the algorithm from [CP04] takes time O(nO(1/ε)).
The total expected amortized cost is O(kO(1/ε) log ∆).

8 Lower Bound for Arbitrary Metrics

We now demonstrate that any algorithm which approximates the optimal k-center cost, in an
arbitrary metric space of n points, must run in Ω(nk) time. Specifically, the input to an algorithm
for k-center in arbitrary metric spaces is both the point set P and the metric d over the points. In
particular, the input can be represented via the distance matrix distance matrix D ∈ Rn×n over
the point set P , and the behavior of such an algorithm can be described by a sequences of adaptive
queries to D.

The above setting casts the problem of approximating the cost of the optimal k-center clustering
as a property testing problem [GGR98, Gol17], where the goal is to solve the approximation problem
while making a small number of queries to D. Naturally, the query complexity of such a clustering
algorithm lower bounds its runtime, so to prove optimality of our dynamic k-center algorithms it
suffices to focus only on the query complexity. In particular, in what follows we will demonstrate
that any algorithm that approximates the optimal k-center cost to any non-trivial factor with
probability 2/3 must query at least Ω(nk) entries of the matrix. In particular, this rules out
any fully dynamic algorithm giving a non-trivial approximation in o(k) amortized update time for
general metric spaces.

Moreover, we demonstrate that this lower bound holds for the (k, z)-clustering objective, which
includes the well studied k-medians and k-means. Recall that this problem is defined as outputting
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a set C ⊂ X of size at most k which minimizes the objective function

costzk(C, P ) =
∑
p∈P

dz(p, `(p))

where `(p) is the cluster center associated with the point p. Note that (costzk(C, P ))1/z is always
within a factor of n of the optimal k-center cost. Thus, it follows that if k-center cannot be
approximated to any non-trivial factor (including factors which are polynomial in n) in o(nk)
queries to D, the same holds true for (k, z)-clustering for any constant z. Thus, in the proofs of
the following results we focus solely on proving a lower bound for approximation k-center to any
factor R, which will therefore imply the corresponding lower bounds for (k, z)-clustering.

We do so by first proving Theorem 54, which gives a Ω(nk) lower bound when n = Ω(k log k).
Next, in Proposition 59, we prove a general Ω(k2) lower bound for any n > k, which will complete
the proof of Theorem 2. We note that the proof of Proposition 59 is fairly straightforward, and the
main challenge will be to prove Theorem 54.

Theorem 54. Fix and k ≥ 1 and n > Ck log k for a sufficiently large constant C. Then any
algorithm which, given oracle access the distance matrix D ∈ Rn of a set X of n points in a metric
space, determines correctly with probability 2/3 whether the optimal k-center cost on X is at most 1
or at least R, for any value R > 1, must make at least Ω(kn) queries in expectation to D. The same
bound holds true replacing the k-center objective with (k, z)-clustering, for any constant z > 0.

Proof. We suppose there exists such an algorithm that makes at most an expected kn/8000 queries
to D. By forcing the the algorithm to output an arbitrary guess for c whenever it queries a factor
of 20 more entries than its expectation, by Markov’s inequality it follows that there is an algorithm
which correctly solves the problem with probability 2/3− 1/20 > 6/10, and always makes at most
kn/400 queries to D.

The Hard Distribution. We define a distribution D over n× n distance matrices D as follows.
First, we select a random hash function h : [n] → [k], a uniformly random coordinate i ∼ [n]. We
then set D(h) to be the matrix defined by Dp,q(h) = 1 for p 6= q if h(p) = h(q), and Dp,q(h) =
R otherwise, where R is an arbitrarily large value which we will later fix. We then flip a coin
c ∈ {0, 1}. If c = 0, we return the matrix D(h), but if c = 1, we define the matrix D(h, i) to
be the matrix resulting from changing every 1 in the i-th row and column of D(h) to the value
2R. It is straightforward to check that the resulting distribution satisfies the triangle inequality,
and therefore always results in a valid metric space. We write D0,D1 to denote the distribution D
conditioned on c = 0, 1 respectively. In the testing problem, a matrix D ∼ D is drawn, and the
algorithm is allowed to make an adaptive sequence of queries to the entries of D, and thereafter
correctly determine with probability 2/3 the value of c corresponding to the draw of D.

Note that a draw from D can then be described by the values (h, i, c), where h ∈ H = {h′ :
[n] → [k]}, i ∈ [n], and c ∈ {0, 1}. Note that, under this view, a single matrix D ∼ D0 can
correspond to multiple draws of (h, i, 0). Supposing there is a randomized algorithm which is
correct with probability 6/10 over the distribution D and its own randomness, it follows that there
is a deterministic algorithm A which is correct with probability 6/10 over just D, and we fix this
algorithm now.

Let (d1, p1), (d2, p2), . . . , (dt, pt) be an adaptive sequence of queries and observations made by
an algorithm A, where di ∈ {1, R, 2R} is a distance and pi ∈

(
n
2

)
is a position in D, such that the

algorithm queries position pi and observed the value di in that position.
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Claim 55. There is an algorithm with optimal query vs. success probability trade-off which reports
c = 1 whenever it sees an entry with value di = 2R, otherwise it reports c = 0 d if it never sees a
distance of value 2R.

Proof. To see this, first note that if c = 0, one never sees a value of 2R, so any algorithm which
returns c = 0 after observing a distance of size 2R is always incorrect on that instance.

For the second claim, suppose an algorithm A returned that c = 1 after never having seen
a value of 2R. Fix any such sequence S = {(d1, p1), (d2, p2), . . . , (dt, pt)} of adaptive queries and
observations such that di 6= 2R for all i = 1, 2, . . . , t. We claim that Pr [c = 0|S] ≥ Pr [c = 1|S]. To
see this, let (h, i, 1) be any realization of a draw from D1, and note that Pr [(h, i, 1)] = Pr [(h, i, 0)] =
1

2nk
−n. Let F0(S) be the set of tuples (h, i) such that the draw (h, i, 0) could have resulted in S, and

F1(S) the set of tuples (h, i) such that (h, i, 1) could have resulted in s. Let (h, i, 1) be a draw that
resulted in S. Then (h, i, 0) also results in S, because the difference between the resulting matrices
D is supported only on positions which were initially 2R in the matrix generated by (h, i, 1). Thus
F1(S) ⊆ F2(S), which demonstrates that Pr [c = 0|S] ≥ Pr [c = 1|S]. Thus the algorithm can only
improve its chances at success by reporting c = 0, which completes the proof of the claim.

Decision Tree of the Algorithm. The adaptive algorithm A can be defined by a 3-ary decision
tree T of depth at most kn/400, where each non-leaf node v ∈ T is labelled with a position
p(v) = (xv, yv) ∈ [n]× [n], and has three children corresponding to the three possible observations
Dp(x) ∈ {1, R, 2R}. Each leaf node contains only a decision of whether to output c = 0 or c = 1. For
any v ∈ T , let v1, vR, v2R denote the three children of v corresponding to the edges labelled 1, R and
2R, Every child coming from a “2R” edge is a leaf, since by the above claim the algorithm can be
assumed to terminate and report that c = 1 whenever it sees the value of 2R. For any vertex v ∈ T
at depth `, let S(v) = {(d1, p1), . . . , (·, p(v))} be the unique sequence of queries and observations
which correspond to the path from the root to v. Note that the last entry (·, p(v)) ∈ S(v) has a
blank observation field, meaning that at v the observation p(v) has not yet been made.

For any v ∈ T and i ∈ [n], we say that a point i is light at v if the number of queries (dj , pj) ∈ S
with i ∈ pj is less than k/2. If i is not light at v we say that it is heavy at v. For any i ∈ [n], if in
the sequence of observations leading to v the algorithm observed a 1 in the i-th row or column, we
say that i is dead at v, otherwise we say that i is alive. We write Pr [v] to denote the probability,
over the draw of D ∼ D, that the algorithm traverses the decision tree to v, and Pr [v| c = b] for
b ∈ {0, 1} to denote this probability conditioned on D ∼ Db. Next, define Fb(v) = Fb(S(v)) for
b ∈ {0, 1}, where Fb(S) is as above. Note that if (h, i) ∈ F0(v) for some i ∈ [n], then (h, j) ∈ F0(v)
for all j ∈ [n], since the matrices generated by (h, i, 0) are the same for all i ∈ [n]. Thus, we can
write h ∈ F0(v) to denote that (h, i) ∈ F0(v) for all i ∈ [n].

Claim 56. Let v ∈ T be a non-leaf node where at least one index i in p(v) = (i, j) is alive and light
at v. Then we have

Pr
D∼D

[
Dp(v) = 1|S(v), c = 0

]
≤ 2

k

Proof. Fix any function h ∈ H such that h ∈ F0(v): namely, h is consistent with the observations
seen thus far. Let h1, . . . , hk ∈ H be defined via ht(j) = h(j) for j 6= i, and ht(i) = t, for each
t ∈ [k]. We claim that ht ∈ F0(v) for at least k/2 values of t. To show this, first note that the
values of {h(j)}j 6=i define a graph with at most k connected components, each of which is a clique
on the set of values j ∈ [n] \ {i} which map to the same hash bucket under h. The only way for
ht /∈ F0(v) to occur is if an observation (i, `) was made in S(v) such that h(`) = t. Note that such
an observation must have resulted in the value R, since i is still alive (so it could not have been 1).
In this case, one knows that i was not in the connected component containing `. However, since i
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is light, there have been at most k/2 observations involving i in S(v). Each of these observations
eliminate at most one of the ht’s, from which the claim follows.

Given the above, it follows that if at the vertex v we observe Dp(v) = Di,j = 1, then we eliminate
every ht with t 6= h(j) and ht ∈ F0(v). Since for every set of values {h(j)}j 6=i which are consistent
with S(v) there were k/2 such functions ht ∈ F0(v), it follows that only a 2/k fraction of all h ∈ H
result in the observation Dp(v) = 1. Thus, |F0(v1)| ≤ 2

k |F0(v)|, which completes the proof of the
proposition.

Let E1 be the set of leafs v which are children of a 2R labelled edge, and let E0 be the set of all
other leaves. Note that we have Pr [v | c = 0] = 0 for all v ∈ E1, and moreover

∑
v∈E0 Pr [v|c = 0] =

1. For v ∈ T , let θ(v) denote the number of times, on the path from the root to v, an edge (u, u1)
was crossed where at least one index i ∈ p(u) was alive and light at u. Note that such an edge kills
i, thus we have θ(v) ≤ n for all nodes v. Further, define Ê0 ⊂ E0 to be the subset of vertices v ∈ E0

with θ(v) < n/20. We now prove two claims regarding the probabilities of arriving at a leaf v ∈ Ê0.

Claim 57. Define Ê0 as above. Then we have∑
v∈Ê0

Pr [v|c = 0] > 9/10

Proof. We define indicator random variables X1,X2, . . . ,Xt ∈ {0, 1}, where t ≤ kn/400 is the depth
of T , such that Xi = 1 if the i-th observation made by the algorithm causes a coordinate i ∈ [n],
which was prior to observation i both alive and light, to die, where the randomness is taken over
a uniform draw of D ∼ D0. Note that the algorithm may terminate on the t′-th step for some t′

before the t-th observation, in which case we all trailing variables Xt′ , . . . ,Xt to 0. By Claim 56,

we have E [Xi] ≤ 2k for all i ∈ [t], so E
[∑

i∈[t] Xi

]
< n/200. By Markov’s inequality, we have∑

i∈[t] Xi < n/20 with probability at least 9/10. Thus with probability at least 9/10 over the draw

of D ∼ D0 we land in a leaf vertex v with θ(v) < n/20, implying that v ∈ Ê0 as needed.

Claim 58. For any v ∈ Ê0, we have Pr [v | c = 1] > (9/10) Pr [v | c = 0].

Proof. Fix any v ∈ Ê0. By definition, when the algorithm concludes at v, at most n/5 indices were
killed while having originally been light. Furthermore, since each heavy index requires by definition
at least k/2 queries to become heavy, and since each query contributes to the heaviness of at most 2
indices, it follows that at most kn/400(4/k) = n/100 indices could ever have become heavy during
any execution. Thus there are at least n− n/20− n/100 > (9/10)n indices i which are both alive
and light at v.

Now fix any h ∈ F0(v). We show that (h, i) ∈ F1(v) for at least (9/10)n indices i ∈ [n], which
will demonstrate that |F1(v)| > (9/10)|F0(v)|, and thereby complete the proof. In particular, it
will suffice to show that is true for any i ∈ [n] which is alive at v. To see why this is the case,
note that by definition if i is alive at v ∈ E0, then S(v) includes only observations in the i-th row
and column of D which are equal to R. It follows that none of these observations would change
if the input was instead specified by (h, i, 1) instead of (h, j, 0) for any j ∈ [n], as the difference
between the two resulting matrices are supported on values where D is equal to 1 in the i-th row
and column of D. Thus if i is alive at v, we have that (h, i) ∈ F1(v), which completes the proof of
the claim.

Putting together the bounds from Claims 57 and 58, it follows that∑
v∈Ê0

Pr [v | c = 1] > (9/10)2 = .81
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Moreover, because by Claim 55 the algorithm always outputs c = 0 when it ends in any v ∈ E ,
it follows that the algorithm incorrectly determined the value of c with probability at least .81
conditioned on c = 1, and therefore is incorrect with probability at least .405 > 4/10 which is a
contradiction since A was assumed to have success probability at least 6/10.

From the Hard Distribution to k-Centers. To complete the proof, it suffices to demonstrate
that the optimal k-center cost is at most 1 when D ∼ D0, and at least R when D ∼ D1. The
first case is clear, since we can choose at least one index in the pre-image of h−1(t) ⊆ [n] for
each t ∈ [k] to be a center. For the second case, note that conditioned on |h−1(t)| ≥ 2 for all
t ∈ [k], the resulting metric contains k + 1 points which are pairwise-distance at least R from each
other. In particular, for the resulting metric, at least one point must map to a center which it is
distance at least R away from, and therefore the cost is at least R. Now since n = Ω(k log k) with
a sufficently large constant, it follows by the coupon collector’s argument that with probability at
least 1/1000, we have that |h−1(t)| ≥ 2 for all t ∈ [k]. Moreover, that the 1/1000 probability under
which does not occur can be subtracted into the failure probability of .405 in the earlier argument,
which still results in a .404 > 4/10 failure probability, and therefore leads and leading to the same
contradiction, which completes the proof.

Proposition 59. Fix any 1 ≤ k < n. Then any algorithm which, given oracle access the distance
matrix D ∈ Rn of a set X of n points in a metric space, determines correctly with probability 2/3
whether the optimal k-center cost on X is at most 1 or at least R, for any value R > 1, must
make at least Ω(k2) queries in expectation to D. The same bound holds true replacing the k-center
objective with (k, z)-clustering, for any constant z > 0.

Proof. By the same arguements given in Theorem 54, one can assume that the existence of such an
algorithm that would violate the statement of the proposition implies the existence of a deterministic
algorithm which always makes at most ck2 queries to D and is correct with probability 3/5, for
some arbitrarily small constant c. In what follows, we assume n = k + 1, and for larger n we will
simply add n− (k + 1) duplicate points on top of the first point in the following distribution; note
that any algorithm for the dataset with the duplicate point can be simulated, with no increase in
query complexity, via access to the distance matrix on the first k + 1 points.

The hard instance is as then as follows. With probability 1/2, we give as input the distance
matrix D ∈ Rk+1×k+1 with Di,j = R for all i 6= j. Note that any k-center solution must have one
of the points in a cluster centered at another, and therefore the optimal k-center cost is at least R
for this instance. In the second case, the input is D but with a single entry Di,j = Dj,i = 1, where
(i, j) is chosen uniformly at random. Note that the result is still a valid metric space in all cases.
Moreover, note that the optimal k-center cost is 1, and is obtained by choosing all points except i
(or alternatively except j).

By the same (and in fact simplified) argument as in Claim 55, we can assume the algorithm
returns that the k-center cost is at most 1 if and only if it sees an entry with value equal to 1.
Since the algorithm is deterministic, and since the only distance other than 1 is R, we can define a
deterministic set S of ck2 indices in

(
k+1

2

)
such that the adaptive algorithm would choose exactly

the set S if, for every query it made, it observed the distance R (and therefore would return that
the k-center cost was at most 1 at the end). Then in the second case, the probability that (i, j) is
contained in S is at most 4

c . Setting c > 40, it follows that the algorithm is incorrect with probability
at least 1/2 − 4

c > 2/5, contradicting the claimed success probability of 3/5, and completing the
proof.
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9 Lower Bound Against Adaptive Adversaries

In this section we present our lower bounds on the approximation guarantees of dynamic algorithms
for k-center, k-median, k-means, k-sum-of-radii, k-sum-of-diameters, and (k, z)-clustering against
a metric-adaptive adversary. Recall that a point-adaptive adversary needs to fix the metric space
in advance, while a metric-adaptive adversary only needs to answer a distance query consistently
with all answers it gave previously (so the metric itself is chosen adaptively). First, we define a
generic strategy for an adversary that in each operation creates or deletes a point and answers the
distance queries of the algorithm. Then we show how to derive lower bounds for all of our problems
from this single strategy. Some formal details of the analysis are deferred to Section 9.2.

9.1 Strategy of the Adaptive Adversary

Let f(k, n) be a positive function that is, for every fixed k, non-decreasing in n. Suppose that there
is an algorithm (for any of the problems under consideration) that in an amortized sense queries the
distances between at most f(k, n) pairs of points per operation of the adversary, where n denotes
the number of points at the beginning of the respective operation. Note that any algorithm with an
amortized update time of at most f(k, n) fulfills this condition. To determine the distance between
two points the algorithm asks a distance query to the adversary. We present now an adversary A
whose goal is to maximize the approximation ratio of the algorithm. To record past answers and
to give consistent answers, A maintains a graph G = (V,E) which contains a vertex vp ∈ V for
each point p that has been inserted previously (including points that have been deleted already).
Intuitively, with the edges in E the adversary keeps track of previous answers to distance queries.
Each vertex vp is labeled as open, closed, or off. If a point p has not been deleted yet, then its
vertex vp is labeled as open or closed. Once point p is deleted, then vp is labeled as off. Intuitively,
if p has not been deleted yet, then vp is open if it has small degree and closed if it has large degree.
In the latter case, A will delete p soon. All edges in G have length 1, and for two vertices v, v′ ∈ V
we denote by dG(v, v′) their distance in G.

When choosing the next update operation, A checks whether there is a closed vertex vp. If yes,
A picks an arbitrary closed vertex vp, deletes the corresponding point p, and labels the vertex vp as
off. Otherwise, it adds a new point p, adds a corresponding vertex vp to G, and labels vp as open.

Suppose now that the algorithm queries the distance d(p, p′) for two points p, p′ while processing
an operation. Note that p and/or p′ might have been deleted already. If both vp and vp′ are open
then A reports to the algorithm that d(p, p′) = 1 and adds an edge {vp, vp′} to E. Intuitively,
due to the edge {vp, vp′} the adversary remembers that it reported the distance d(p, p′) = 1 before
and ensures that in the future it will report distances consistently. Otherwise, A considers an
augmented graph G′ which consists of G and has in addition an edge {vp̄, vp̄′} of length 1 between
any pair of open vertices p̄, p̄′. The adversary computes the shortest path P between p and p′ in G′

and reports that d(p, p′) equals the length of P . If P uses an edge between two open vertices p̄, p̄′,
then A adds the edge {vp̄, vp̄′} to G. Note that P can contain at most one edge between two open
vertices since it is a shortest path in a graph in which all pairs of open vertices have distance 1.
Observe that if both vp and vp′ are open then this procedure reports that d(p, p′) = 1 and adds an
edge {vp, vp′} to E which is consistent with our definition above for this case. If a vertex vp has
degree at least 100f(k, t) for the current operation t, then vp is labeled as closed. A closed vertex
never becomes open again.

In the next lemma we prove some properties about this strategy of A. For each operation t,
denote by Gt = (Vt, Et) the graph G at the beginning of the operation t. Recall that the value
of n right before the operation t (which is the number of current points) equals the number of
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open and closed vertices in Gt. We show that the the number of open vertices is Θ(t), each vertex
has bounded degree, and there exist arbitrarily large values t such that in Gt there are no closed
vertices (i.e., only open and off vertices).

Lemma 60. For every operation t > 0 the strategy of the adversary ensures the following properties
for Gt

1. the number of open vertices in Gt is at least 92t/100,

2. each vertex in Gt has a degree of at most 101f(k, n),

3. there exists an operation t′ with t < t′ ≤ 2t such that Gt′ contains only open and off vertices,
but no closed vertices.

We say that an operation t ∈ N is a clean operation if in Gt there are no closed vertices. For
any clean operation t, denote by Ḡt = (V̄t, Ēt) the subgraph of Gt induced by the open vertices in
Vt.

Consistent metrics. The algorithm does not necessarily know the complete metric of the given
points, it knows only the distances reported by the adversary. In particular, there might be many
possible metrics that are consistent with the reported distances. For each t ∈ N denote by Qt the
points that were inserted before operation t, including all points that were deleted before operation
t, and let Pt ⊆ Qt denote the points in Qt that are not deleted. Given a metric M on any point
set P ′, for all pairs of points p, p′ ∈ P ′ we denote by dM (p, p′) ≥ 0 the distance between p and p′

according to M . For any t ∈ N we say that a metric M for the point set Qt is consistent if for any
pair of points p, p′ ∈ Qt for which the adversary reported the distance d(p, p′) before operation t,
it holds that d(p, p′) = dM (p, p′). In particular, any consistent metric might be the true underlying
metric for the point set Qt.

The key insight is that for each clean operation t, we can build a consistent metric with the
following procedure. Take the graph Gt and insert an arbitrary set of edges of length 1 between
pairs of open vertices (but no edges that are incident to off vertices), and let G′t denote the resulting
graph. Let M be the shortest path metric according to G′t. If a metric M for Qt is constructed in
this way, we say that M is an augmented graph metric for t.

Lemma 61. Let t ∈ N be a clean operation and let M be an augmented graph metric for t. Then
M is consistent.

In particular, there are no shortcuts via off vertices in Gt that could make the metric M
inconsistent.

We fix a clean operation t ∈ N. We define some metrics that are consistent with Qt that we
will use later for the lower bounds for our specific problems. The first one is the “uniform” metric
Muni that we obtain by adding to Gt an edge between each pair of open vertices in Gt. As a result,
dMuni(p, p

′) = 1 for any p, p′ ∈ Pt.
Lemma 62. For each clean operation t the corresponding metric Muni is consistent.

In contrast to Muni, our next metric ensures that there are distances of up to Ω(log n) between
some pairs of points. Let p∗ ∈ Pt be a point such that vp∗ is open. For each i ∈ N let V (i) ⊆ Vt
denote the open vertices v ∈ Vt with dGt(vp∗ , v) = i, and let V (n) ⊆ Vt denote the vertices in Gt
that are in a different connected component than p∗. Since the vertices in Gt have degree at most
100f(k, n), more than half of all vertices are in sets V (i) with i ≥ Ω(log n/ log f(k, n)).

We define now a metric M(p∗) as the shortest path metric in the graph defined as follows. We
start with Gt; for each i, i′ ∈ N we add to Gt an edge {vp, vp′} between any pair of vertices vp ∈ V (i),
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vp′ ∈ V (i′) such that |i − i′| ≤ 1. As a result, for any i, i′ ∈ N and any vp ∈ V (i), vp′ ∈ V (i′) we
have that dM(p∗)(p, p

′) = max{|i − i′|, 1}, i.e., dM(p∗)(p, p
′) = 1 if i = i′ and dM(p∗)(p, p

′) = |i − i′|
otherwise.

Lemma 63. For each clean operation t and each point p∗ ∈ Vt the metric M(p∗) is consistent.

For any two thresholds `1, `2 ∈ N0 with `1 < `2 we define a metric M`1,`2(p∗) (which is a variation
of M(p∗)) as the shortest path metric in the following graph. Intuitively, we group the vertices in⋃`1
i=0 V

(i) to one large group and similarly the vertices in
⋃∞
i=`2

V (i). Formally, in addition to the

edges defined for M(p∗), for each pair of vertices vp ∈ V (i), vp′ ∈ V (i′) we add an edge {vp, vp′} if
i ≤ i′ ≤ `1 or `2 ≤ i ≤ i′.
Lemma 64. For each clean operation t, each point p∗ ∈ Vt, and each `1, `2 ∈ N0 the metric
M`1,`2(p∗) is consistent.

Lower bounds. Consider a clean operation t. The algorithm cannot distinguish between Muni

and M(p∗) for any p∗ ∈ Pt. In particular, for the case that k = 1 (for any of our clustering
problems) the algorithm selects a point p∗ as the center, and then for each i it cannot determine
whether the distance of the points in V (i) to p∗ equals 1 or i. However, there are at least n/2
points in sets V (i) with i ≥ Ω(log n/ log f(k, n))) and hence they contribute a large amount to the
objective function value. This yields the following lower bounds, already for the case that k = 1.
With more effort, we can show them even for bi-criteria approximations, i.e., for algorithms that
may output O(k) centers, but where the approximation ratio is still calculated with respect to the
optimal cost on k centers.

For k-center the situation changes if the algorithm does not need to be able to report an upper
bound of the value of its computed solution (but only the solution itself), since if k = 1, then
any point is a 2-approximation. However, for arbitrary k we can argue that there must be 3k
consecutive sets V (i), V (i+1), ..., V (i+3k−1) such that the algorithm does not place any center on
any point corresponding to the vertices in these sets and hence incurs a cost of at least 3k/2. On
the other hand, for the metric Mi,i+3k−1(p∗) the optimal solution selects one center from each set
V (i+1), V (i+4), V (i+7), ... which yields a cost of only 1.

Theorem 3. For any k ≥ 1, any dynamic algorithm which returns a set of k-centers against a
metric-adaptive adversary with an amortized update time of f(k, n), for an arbitrary function f ,

must have an approximation ratio of Ω
(

min{ log(n)
k log f(k,2n) , k}

)
for the k-center problem. In addition,

even for the case of k = 1, we show that any algorithm with an update time of f(k, n)

• for 1-median has an approximation ratio of Ω
(

log(n)
log f(1,2n)

)
,

• for 1-means has an approximation ratio of Ω

((
log(n)

log f(1,2n)

)2
)

,

• for (1, z)-clustering has an approximation ratio of Ω
((

log(n)
z+log f(1,2n)

)z)
,

• for 1-center, 1-sum-of-radii or 1-sum-of-diameters has an approximation ratio of Ω
(

log(n)
log f(1,2n)

)
if the algorithm is also able to estimate the cost of the optimal clustering.

9.2 Deferred Proofs

We introduce some formal notation and definitions we use to revisit the adversarial strategy that
generates an input stream and answers distance queries on the set of currently known points. Then,
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we derive lower bound constructions for the aforementioned problems that are based on the metric
space defined by the stream and the answers to the algorithm.

We describe a strategy for an adversary A that generates a stream of update operations σ
and answers distance queries q on pairs of points by any dynamic algorithm with a guarantee on
its amortized complexity. In the following presentation, the adversary constructs the underlying
metric space ad hoc. More precisely, the adversary constructs two metric spaces simultaneously
that cannot be distinguished by the algorithm and its queries. All subsequent lower bounds stem
from the fact that the problem at hand has different optimal costs on the input for the two metric
spaces. When the algorithm outputs a solution, the adversary can fix a metric space that induces
high cost for the centers chosen by the algorithm.

During the execution of the algorithm, the adversary maintains a graph G. Each point that was
inserted by the adversary is represented by a node in G. All query answers given to the algorithm
by the adversary can be derived from G using the shortest path metric dG(·, ·) on G. We denote
the algorithm’s ith query after update operation t by qt,i, and the adversary’s answer by ans(qt,i).
For t > 0, we denote the number of queries asked by the algorithm between the tth and the (t+1)th

update operation by c(t). If t is clear from context, we simplify notation and write c := c(t). Note
that, in this section, we use a slightly extended notation when indexing graphs when compared to
other sections. Details follow.

We number the update operations consecutively starting with 1 using index t and after each
update operation, we index the distance queries that the algorithm issues while processing the
update operation and the immediately following value- or solution-queries using index i. Let c > 0
and let G0,c(0) be the empty graph. For every t > 0, i ∈ [c(t)], consider i-th query issued by the
algorithm processing the t-th update operation. The graph Gt,i has the following structure. For
every point x that is inserted in the first t operations, V (Gt,0) contains a node x. All edges have
length 1, and it holds that V (Gt,i) ⊇ V (Gt,i−1) and E(Gt,i) ⊇ E(Gt,i−1).

Edges are inserted by the adversary as detailed below. Let � denote the predicate that corre-
sponds to the lexicographic order. In particular, the adversary maintains the following invariant,
which is parameterized by the update operation t and the corresponding query i: for all (t′, j) � (t, i)
and (u, v) := qt′,j , ans(qt′,j) = dGt,i(u, v). In other words, any query given by the adversary re-
mains consistent with the shortest path metric on all versions of G after the query was answered.
The adversary distinguishes the following types of nodes in Gt,i to answer a query. Recall that
f := f(k, n) is an upper bound on the amortized complexity per update operation of the algorithm,
which is non-decreasing in n for fixed k.

Definition 65 (type of nodes). Let t ≥ 0, i ∈ [c] and let u ∈ V (Gt,i). If u has degree less than
100f(k, i) for all i ∈ [t], it is open after update t, otherwise it is closed. In addition, the adversary
can mark closed nodes as off. We denote the set of open, closed and off nodes in Gt,i by At,i, Pt,i
and Dt,i, respectively.

For operation t, the adversary answers the ith query qt,i according to the shortest path metric
on Gt,i−1 with the additional edge set At,i−1×At,i−1. In other words, the adversary (virtually) adds
edges between all open nodes in Gt,i−1 and reports the length of a shortest path between the query
points in the resulting graph. After the adversary answered query qt,i, the resulting graph Gt,i is
Gt,i−1 plus the (unique) edge e of the shortest path between two open nodes that is not in Gt,i−1

if such edge exists. If the connected component of e in the resulting graph does not contain any
open node, we also add an edge between the connected component and a node with degree at most
50f(k, i). Thus, the algorithm maintains the invariant that each connected component has at least
one open vertex (see Lemma 66 for details). A key element of our analysis is that all answers up
to operation t and query i are equal to the length of the shortest paths between the corresponding
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query points in Gt,i. The generation of the input stream and the answers to all queries are formally
given by Algorithm 7 and 8, respectively.

Algorithm 7: Construction of element σt of σ

1 Function GenerateStream(t)
2 if there exists a closed node x ∈ V (Gt−1,c) then
3 mark x as off in Gt,0;
4 return 〈 delete x 〉
5 else
6 let x be a new point, i.e., that was not returned by the adversary before;
7 return 〈 insert x 〉

Algorithm 8: Answer of the adversary to query qt,i

1 Function AnswerQuery(qt,i = (x, y))
2 let Ht,i = (V (Gt,i−1), E(Gt,i−1) ∪ (At,i−1 ×At,i−1));
3 let p = (e1, . . . , ek) be a shortest path between x and y in Ht,i;
4 set Gt,i := Gt,i−1;
5 if ∃ei /∈ E(Gt,i−1) then
6 insert ei into Gt,i ;
7 let C be the connected component of ei in Gt,i ;
8 if C ∩At,i = ∅ then // make sure C contains an open node

9 let u = arg minu′∈C deg(u′) ; // pick node with degree 100f(k, t)
10 let v = arg minv′∈At,i deg(v′) ; // pick node with degree at most 50f(k, t)

11 insert (u, v) into Gt,i ;

12 return length of p

9.2.1 Adversarial Strategy

Let nt be the number of open and closed nodes, i.e., the number of current points for the algorithm,
after operation t. In the whole section we use the notations of Gt′,i, At,i etc. from Definition 65.

Proof of Lemma 60 The next three lemmas prove the three claims in Lemma 60.

Lemma 66 (Lemma 60 (1)). For every t > 0, the number of open nodes in Gt,0 is at least 92t/100,
and for every t > 0, j ≥ 0, there exists at least one node with degree at most 50f(k, t) in Gt,j.

Proof. Recall that f(k, n) is a positive function that is non-decreasing in n. We prove the first part
of the claim by induction. By the properties of f , the case t = 1 follows trivially. Let t ≥ 2. For any
i ∈ [t], the algorithm’s query budget increases by f(k, ni) queries after the ith update. Since f(k, i)
is non-decreasing, nodes inserted after update operation i−1 can only become closed if their degrees
increase to at least 100f(k, i). Answering a query i inserts at most two edges intoGt,i−1, and the sum
of degrees increases by at most four. Therefore, it holds that |Pt,0| ≤

∑
i∈[t] 4f(k, ni)/(100f(k, i)) ≤∑

i∈[t] 4f(k, i)/(100f(k, i)) ≤ 4t/100. It follows that the adversary will delete at most 4t/100 points
in the first t operations and insert points in the other at least (1−4/100)t operations. The number
of open nodes after update t is |At,0| ≥ t− |Pt,0| − 4t/100 ≥ 92t/100.
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To prove the second part of the claim, let st,j be the number of nodes in Gt,j with de-
gree at most 50f(k, t). Similarly as before, we have nt − st,j ≤

∑
i∈[t] 4f(k, ni)/(50f(k, i)) ≤∑

i∈[t] 4f(k, i)/(50f(k, i)) ≤ 4t/50. Therefore, st,j ≥ nt − 4t/50 ≥ (t− 4t/100)− 4t/50 ≥ 1.

Lemma 67 (Lemma 60 (2)). For every t > 0, i ∈ [c], all nodes have degree at most 100f(k, t) + 1
in Gt,i.

Proof. By definition, the claim is true for open nodes. Edges are only inserted into G if the
algorithm queries for the distance between two nodes x, y and the adversary determines a shortest
path between x and y that contains edges that are not present in Gt,i−1 (see Algorithm 8). Since
all such edges are edges between open nodes, only degrees of open nodes in Gt,i increase. The
adversary finds a shortest path on a supergraph of At,i×At,i. Therefore, any shortest path it finds
contains at most one edge with two open endpoints. It follows that a query increases the degree of
any open node in Gt,i by at most one, which may turn it into a closed node with degree 100f(k, t).
If the connected component of this edge contains no open node, it also inserts an edge from an
open node (with degree at most 50f(k, t)) to the vertex with smallest degree in the component.
Since the vertex of the component that became closed most recently always has degree 100f(k, t),
this increases the degree of every closed node at most once by 1.

Lemma 68 (Lemma 60 (3)). For every t > 0, there exists a clean update operation t′, t < t′ ≤ 2t,
i.e., Gt′,0 only contains open and off nodes, but no closed nodes.

Proof. We prove the claim by induction over the operations t with the properties that Gt,0 contains
no closed node, but Gt+1,0 contains at least one closed node. The claim is true for the initial
(empty) graph G0,0. Let t > 0. We prove that in at least one operation t′ ∈ {t + 1, . . . , 2t}, the
number of closed nodes is 0. For the sake of contradiction, assume that for all t′, t < t′ ≤ 2t, the
number of closed nodes is non-zero, i.e., |Pt′,0| > 0. We call an open node semi-open if it has degree
greater than 50f(k, i) after some update i ∈ [2t]. Otherwise, we call it fully-open. Recall that,
similarly, a vertex becomes closed if it has degree at least 100f(k, i) after some update i ∈ [2t] (and
never becomes open again).

For any i ∈ [2t], the algorithm’s query budget increases by f(k, ni) queries after the ith update.
Since f(k, i) is non-decreasing, nodes inserted after update operation i− 1 can only become semi-
open if their degrees increase to at least 50f(k, i) (resp. 100f(k, i)) by the definition of semi-open
(resp. closed). Also due to the monotonicity of f , the number of semi-open or closed nodes is
maximized if the algorithm invests its query budget as soon as possible. It follows that the number
of semi-open or closed nodes up to operation 2t is at most

∑
j∈[2t] 4f(k, j)/(50f(k, j)) ≤ 4t/50.

Without loss of generality, we may assume that all semi-open nodes are closed (so the algorithm
does not need to invest budget to make them closed).

After update operation 2t, the algorithm’s total query budget from all update operations is
at most

∑
i∈[2t] f(k, ni) ≤

∑
i∈[2t] f(k, i) ≤ 2tf(k, 2t). Answering a query i inserts at most two

edges into Gt,i−1, and the sum of degrees increases by at most four. The algorithm may use its
budget to increase the degree of at most 2t · 4f(k, 2t)/(50f(k, 2t)) ≤ 8t/50 fully-open nodes to at
least 100f(k, 2t), i.e., to make them closed nodes. Recall our assumption that |Pi,0| > 0 for all
i ∈ {t+ 1, . . . , 2t}. The adversary deletes one point corresponding to a closed node in each update
operation from {t+ 1, . . . , 2t}. Therefore, the number of closed nodes after update operation 2t is

|P2t,0| ≤
4t

50
+

8t

50
− t ≤ 12t

50
− t < 0.

This is a contradiction to the assumption.

53



Proofs of Lemmas 61 to 64 The following observation follows immediately from the properties
of shortest path metrics.

Observation 69. Let G = (V,E) and G′ = (V,E′) be two graphs so that E ⊆ E′. If a sequence
of queries is consistent with the shortest path metric on G as well as on G′, then, for any E′′,
E ⊆ E′′ ⊆ E′, it is also consistent with the shortest path metric on (V,E′′).

The following lemma together with Observation 69 implies Lemmas 61 to 64 and 71 by setting
G = Gt,i−1 and G′ = (V (Gt,i−1), E(Gt,i−1) ∪ (At,i−1 ×At,i−1)) in Observation 69.

Lemma 70. For any t, t′ > 0, i, i′ ∈ [c] so that (t′, i′) ≺ (t, i), the answer given to query qt′,i′ is
consistent with the shortest path metric on G′.

Proof. Let t′ > 0, i′ ∈ [c] so that (t′, i′) ≺ (t, i) and denote (x, y) := q := qt′,i′ . We prove that
ans(q) = dGt,i(x, y). As neither vertices nor edges are deleted after they have been inserted, for
every (t1, i1) ≺ (t2, i2), Gt2,i2 is a supergraph of Gt1,i1 . Thus, if there exists a path P between x
and y in Gt′,i′ , a shortest path in Gt,i between x and y cannot be longer than P .

It remains to prove ans(q) ≤ dGt,i(x, y). For the sake of contradiction, assume that there
exist t′′, i′′ so that ans(q) = dGt′′,i′′−1

(x, y), but ans(q) > dGt′′,i′′ (x, y). By Definition 65, closed
nodes never become open. For any closed node v ∈ Pt′′,i′′−1, it follows that dGt′′,i′′ (v,At,i) ≥
dGt′′,i′′−1

(v,At,i−1) as Algorithm 8 only inserts edges between vertices in At,i into Gt,i. Therefore,
any shortest path between x and y in the graph (V (Gt′′,i′′−1), E(Gt′′,i′′−1 ∪ (At′′,i′′−1 × At′′,i′′−1))
has length at least dGt′′,i′′−1

(x, y) = ans(q).

9.2.2 Lower Bounds for Clustering

Our lower bounds apply for the case that the algorithm is allowed to choose as centers any points
that have ever been inserted as well as to the case where centers must belong to the set of current
points. In the whole section we use the notations of Gt′,i, At,i etc. from the introduction of
Section 9.2.

Proof of Theorem 3 For any ` ∈ N0, we define a metric M`(P
∗) on a subset of points P ∗ as

the shortest path metric on the following graph. For each pair of open vertices u, v we add an edge
if d(u, P ∗) ≥ ` and d(v, P ∗) ≥ `.
Lemma 71. For each clean update operation t, each subset of points P ∗ ∈ Vt, and each ` ∈ N0 the
metric M`(P

∗) is consistent.

Proof. The metricM`(P
∗) is an augmented graph metric for t and, thus, for a clean update operation

t, it is consistent by Lemma 61.

Lemma 72 (Theorem 3, part 1). Let k ≥ 2. Consider any dynamic algorithm for maintaining an
approximate k-center solution of a dynamic point set that (1) queries amortized f(k, n) distances
per operation, where n is the number of current points, and (2) outputs at most g(k) ∈ O(k) centers.
For any t ≥ 2 such that t is a clean operation, the approximation factor of the algorithm’s solution
(with respect to an optimal k-center solution) against an adaptive adversary right after operation t

is at least Ω
(

min
{
k, logn

k log f(k,2n)

})
.

Proof. Denote G := (V,E) := Gt,0 and A := At,0. By Lemma 66, the number of open nodes in G
is at least 92t/100 ≥ t, which implies that |A| ≥ 92t/100. Thus, after operation t, the number n of
current points is at least 92t/100.

Without loss of generality, we assume that G[A] has exactly one connected component: If this
is not the case, let C1, . . . , Cs be the connected components of G[A] and observe that we may insert
a path connecting the connected components by inserting into G[A] edges (v1, v2), . . . , (vs−1, vs) of
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length 1, where vi ∈ Ci are arbitrary vertices. This increases the maximum degree of nodes in G
by at most 2 and the shortest-path metric M on the resulting graph that is constructed in this way
is an augmented graph metric for t. As t is clean, Lemma 61 shows that M is consistent.

Let x ∈ V be any node. By Lemma 67, the number n(i) of nodes that have distance at most
i to x is at most

∑
j∈[i](100f(1, t) + 3)j ≤ (100f(k, t) + 3)i+1. Consider the largest ` such that

(100f(k, t) + 3)`+1 < n. It follows that there exists a node z at distance ` + 1 to x. Furthermore
(100f(k, t) + 3)`+3 ≥ n(`+1) ≥ n, which implies that `+ 2 ≥ log100f(k,t)+3 n.

Let S = {s1, . . . , sg(k)} be the solution of the algorithm. For i ∈ [` + 1], let us define V (i) to
be the set of vertices v in G[A] with dG[A](x, v) = i. By pigeon hole principle, there must exist a

consecutive sequence (i1, . . . , im) so that m ≥ `/(g(k)+1) and, for all i ∈ {i1, . . . , im}, S∩V (i) = ∅.
Let k′ = min{3k− 1,m/2}. Consider the metric Mi1,ik′ (x) and let yi1 , . . . , yk′ be elements from the

respective sets V (i1), . . . , V (ik′ ).
The algorithm’s solution S has cost at least k′ because dG(S, Vik′ ) ≥ k′. The solution {y3j−2 |

j ∈ N ∧ 3j − 2 ∈ [k′]} is optimal and has cost 1. It follows that the approximation factor of S is
greater than or equal to k′ = min{3k − 1,m/2}.

Let n be the number of points at iteration t. We calculate that

min {3k/2,m/2} ≥ Ω (min {k,m})

≥ Ω

(
min

{
k,

`

g(k) + 1

})
≥ Ω

(
min

{
k,

1

g(k)

(
log n

log (103f(k, t))
− 1

)})
≥ Ω

(
min

{
k,

log n

k log (103f(k, 2n))

})
≥ Ω

(
min

{
k,

log n

k log 103 + k log f(k, 2n)

})
≥ Ω

(
min

{
k,

log n

k log f(k, 2n)

})
using that g(k) = O(k).

Lemma 73 (Theorem 3, part 2). Consider any dynamic algorithm for computing the diameter of
a dynamic point set that queries amortized f(1, n) distances per operation, where n is the number
of current points, and outputs at most g ≥ 1 centers. For any t ≥ 2 such that t is a clean
operation, the approximation factor of the algorithm’s solution (with respect to the correct diameter)
against an adaptive adversary right after operation t is at least log(92t/100)/(log 103f(1, t))−1 and
92t/100 ≤ n ≤ t.
Proof. Denote G := (V,E) := Gt,0 and A := At,0. By Lemma 66, the number of open nodes in G
is at least 92t/100 ≥ t, which implies that |A| ≥ 92t/100. Thus, after operation t, n ≥ 92t/100.

Without loss of generality, we assume that G[A] has exactly one connected component: If this
is not the case, let C1, . . . , Cs be the connected components of G[A] and observe that we may insert
a path connecting the connected components by inserting into G[A] edges (v1, v2), . . . , (vs−1, vs) of
length 1, where vi ∈ Ci are arbitrary vertices. This increases the maximum degree of nodes in G
by at most 2 and the shortest-path metric M on the resulting graph that is constructed in this way
is an augmented graph metric for t. As t is clean, Lemma 61 shows that M is consistent.

Let x ∈ V be any node. By Lemma 67, the number n(i) of nodes that have distance i to x is
at most

∑
j∈[i](100f(1, t) + 3)j ≤ (100f(1, t) + 3)i+1. Consider the largest i such that (100f(1, t) +
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3)i+1 < n. It follows that there exists a node at distance i+1 to x. Furthermore (100f(1, t)+3)i+2 ≥
n(i+1) ≥ n, which implies that i+2 ≥ log100f(1,t)+3 n. As f(1, t) ≥ 1 for all values of t, there exists a
shortest path P starting at x of length at least i+1 ≥ log100f(1,t)+3 n−1 ≥ (log n/ log (103f(1, t)))−
1 =: `. It follows that the diameter is at least `. On the other hand, M can be extended by adding
an edge between any pair of open nodes, resulting in the consistent metric Muni. For this metric
the diameter of G is 1. As the algorithm cannot tell whether ` or 1 is the correct answer, and it
always has to output a value that is as least as large as the correct answer, it will output at least
`. Thus, the approximation ratio is at least ` ≥ log(92t/100)/ log 103f(1, t) − 1. Note that this
implies a lower bound for the approximation ratio for 1-sum-of-radii, and 1-sum-of-diameter.

Lemma 74. Consider any dynamic algorithm for (1, p)-clustering that queries amortized f(1, n)
distances per operation, where n is the number of current points, and outputs at most 1 ≤ g ≤ n
centers. For any t ≥ 1 such that t is a clean operation, the approximation factor of the algorithm’s
solution (with respect to the optimal (1, p)-clustering cost) against an adaptive adversary right after

operation t is at least
[

log(t/4g)
p+log(101f(1,t))

]p
/4 and 92t/100 ≤ n ≤ t.

Proof. Denote G := (V,E) := Gt,0 and A := At,0. By Lemma 66, the number of open nodes in G
is at least 92t/100 ≥ t, which implies that |A| ≥ 92t/100. Thus, after operation t, n ≥ 92t/100.

Let C be the centers that are picked by the algorithm after operation t. By the assumption of
the lemma, |C| ≤ g. Consider M`(C), where ` := log(t/4g)/(p + log(101f(1, t))). By Lemma 67,
for any s ∈ C, the size of |{x | x ∈ A∧ d(x, s) < `}| is at most

∑
i∈[`−1](101f(1, t))i < (101f(1, t))`.

Let V+ := {x | x ∈ A ∧ d(x,C) ≥ `}. Since |C| ≤ g, it holds that |V+| > |A| − g(101f(1, t))` ≥
92t/100 − g(t/4g)log((101f(1,t))/(p+log(101f(t,1))) ≥ 92t/100 − t/4 ≥ t/2. Since d(s, V+) ≥ ` for any
s ∈ C, the (1, p)-clustering cost of S, and thus the cost of the algorithm, is at least |V+| ·`p ≥ t/2 ·`p.

We will show that if instead a single point corresponding to a vertex of V+ is picked as center,
then the cost is at most 2t, which provides an upper bound on the cost of the optimum solution.
It follows that the approximation factor achieved by the algorithm is at least `p/4.

To complete the proof consider a point x whose corresponding point vx belongs to V+. One can
easily show that for each α ∈ N it holds that αp ≤ (101f(1, t) · 2p)2α/3 since for each α ∈ N it holds

that αp = 2p logα ≤ 2p·
2α
3 . Thus, the (1, p)-clustering cost if a single point x is chosen as center is

at most

`−1∑
i=0

g(101f(1, t))i · (`− i)p + t · 1p ≤ g

(
(101f(1, t))` ·

∑̀
i=1

1

(101f(1, t))i
· ip
)

+ t

≤ g

(
(101f(1, t))` ·

∑̀
i=1

(101f(1, t) · 2p)2i/3

(101f(1, t))i

)
+ t

≤ g

(
(101f(1, t))` ·

∑̀
i=1

2p·2i/3

(101f(1, t))i/3

)
+ t

≤ g

(101f(1, t))` ·
∑̀
i=1

(
2

2p
3

(101f(1, t))1/3

)i+ t

≤ g(101f(1, t))`2p` + t

≤ g(101f(1, t) · 2p)` + t

≤ 5t/4 ≤ 2t
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using that ` = log(t/4g)
p+log(101f(1,t)) = log(t/4g)

log(2p101f(1,t)) = log2p101f(1,t) t/4g. This yields an approximation

ratio of at least t/2·`p
2t = Ω(`p).

Lemma 75 (Theorem 3, part 3). For any k ≥ 1, any dynamic algorithm which returns a set of
k-centers against an adaptive adversary with an amortized update time of f(k, n), for an arbitrary

function f , must have an approximation ratio of Ω
((

log(n)
z+log f(1,2n)

)z)
for the (1, z)-clustering.

Proof. Let t ∈ N. By Lemma 60, there is a value t′ with t < t′ ≤ 2t′ such that t′ is a clean operation.
Let n be the number of open points at iteration t′. By Lemma 66 we know that t′ ≥ n ≥ 92t′/100.
Note that hence t′ ≤ 2n.

Recall that we assumed that the function f(k, n) is non-decreasing in n (for any fixed k).
Suppose that after operation t′ we query the solution value of an algorithm for 1-center, 1-sum-of-

radii, or 1-sum-of-diameter. By Lemma 73 its approximation ratio is at least log(92t′/100)
log(103f(k,t′)) − 1 ≥

log(92n/100)
log(103f(k,2n)) −1 = Ω

(
log(n)

log(f(k,2n))

)
. Suppose that instead we query the solution from the algorithm

for (1, p)-clustering. By Lemma 74, its approximation ratio is at least

[
log(t′/4g)

p+ log(101f(1, t′))

]p
/4 ≥

[
log(n/4g)

p+ log(101f(1, 2n))

]p
/4

≥
[

log(n)− log(4g)

p+ log(101f(1, 2n))

]p
/4

≥
[

log(n)

1.1p+ 1.1 log(101f(1, 2n))

]p
/4

≥
[

log(n)

1.1p+ 1.1(7 + log(f(1, 2n))

]p
/4

≥
[

log(n)

1.1p+ 8 + 1.1 log(f(1, 2n))

]p
/4

≥
[

log(n)

2p+ 8 + 2 log(f(1, 2n))

]p
/4

= Ω

((
log n

2p+ 8 + 2 log f(1, 2n)

)p)
using that g = O(1). Hence, for k-median and k-means if we take p = 1 and p = 2, respectively,

this yields bounds of Ω
(

logn
10+2 log f(1,2n)

)
and Ω

((
logn

12+2 log f(1,2n)

)2
)

, respectively.
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